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1 Different Types of Functions
NGk BTN

Different functions describe relations between input and output data. If we can describe
the data with a function, we can start to discuss the interpretation of the function itself,
or even predict the output data using the function. Therefore, functions are one of the
most important parts of mathematical modelling.
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The following are some common but important functions in mathematical modeling:
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Polynomial Functions
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Polynomial functions have the following general form:
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where ag, aq, ..., a, are constants.
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For instance,
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e When n = 1, we have a linear function y = ax + b.
En=1K > BEEREy =ar+0b-

e When n = 2, we have a quadratic function y = ax? + bx + c.
En=2WFF B _IREHy =ar®?+bx+ceo

e When n = 3, we have a cubic function y = az® + bx? + cx + d.
En=3K» BZIREEy =ax® +bx’ +cr+d-°



e When n = 4, we have a quadric function y = az* + bx® + ca® + dz + e.
=g

En =4 K BIUREKEY = ar* + b3+ ca® +dx +eo
e When n = 5, we have a quintic function y = ax® + bz + cz® + da® + ex + f.
EHn=5K  BANRKEyY =ax® +bx* +ca®+da? +ex+ f o

Our Linear and Non-linear Regression R Shiny tools (https://www.math.cuhk.edu.hk/
app/mathmodel/tool.html) can be used for finding the best-fit polynomial functions for
any given set of data points.
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Remark: Note that if we have n data points, we can always find a polynomial with
degree (n — 1) passing through all points. However, we should be aware of the problem of
overfitting!
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Exponential Functions
TR
Exponential functions have the form:

TREIH B Ay
y = ab”®

where
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e ¢ is initial value (y = a when z = 0),

a RGHE (BEv=0F y=a)

e b is the base of the exponential function, a positive real number. When b > 1, the
function represents exponential growth; 0 < b < 1 represents exponential decay.
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Exponential Functions usually describe some rapid growth or decay. Therefore, sometimes
we replace x with variable ¢, to indicate the change of time. The following are two graphs
of the exponential functions:
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As we have mentioned, exponential functions demonstrate rapid growth or decay, according
to the base.
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Logarithmic Functions
B

Logarithmic functions are the inverse of exponential functions. They ‘undo’ what expo-
nential functions do and, therefore are used for turning exponential functions into linear
functions. Instead of rapidly increasing, it shows a slowly increasing trend (increasing but
decelerating rate).
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Logarithmic functions have the form of y = log, x, and the graph looks like the following:
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Please note that logarithmic functions have the following properties:
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1. Product Rule
RRHITER
log, (zy) = log,(x) + log,(y)
2. Quotient Rule
Gkl
x
o, () = 10w (0) ~ lor 1)
3. Power Rule
€ 1:pr el
log, (") = k - log, ()
Using the properties, we can turn exponential functions into linear functions as follows:
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To linearize this function, we take the logarithm of both sides:
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log(y) = log(a - b")



log(y) = log(a) + log(b")
log(y) = log(a) + z - log(b)
log(y) = x - log(b) + log(a)

Here, log(y) is the dependent variable, = is the independent variable, log(b) is the slope,
and log(a) is the intercept.
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Power Functions
Power functions are in the form of

L GRS

where

Hr

e ¢ is a constant coefficient.

a R HRUARL

e 1 is the variable.
Qé‘gg.

e ) is a constant exponent.
b R BERE
Power functions are more commonly found in mathematics and science. For example, the
volume of spheres has the formula: V = %7‘('7”3. This can be considered as a power function
of the radius r.
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Please note that the sign of constant exponent b will greatly affect the shapes of graphs of
the power functions. Check the following examples:
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Figure 3: 17! Figure 4:

Trigonometric Functions
=AY

Trigonometric functions are functions that relate the angles of a triangle to the lengths
of its sides. They are fundamental in the study of geometry, especially in the context of
right-angled triangles and the unit circle. They have the following form:
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1. Sine (sin):

) opposite
sin(f) = ———
hypotenuse
2. Cosine (cos):
dj t
cos(6) = adjacen
hypotenuse
3. Tangent (tan):
opposite
tan(f) = OPPOSTe
adjacent

However, in the context of mathematical modelling, we are more concerned about
their periodic properties.

PRI » B RIRE SR A - BT R E MBI -

2

Figure 5: y = sin(z) Figure 6: y = cos(z)

With this special property, many things that are periodic can be described using trigono-
metric functions. From celestial movements in the sky to the seismic wave under the
ground or even the electrocardiogram signals of our heart, they can be approximated with
trigonometric functions!
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Figure 7: y = tan(x)

2 Exercises

Try to finish the following questions using our R Shiny Tools (https://www.math.cuhk.
edu.hk/app/mathmodel/tool.html) or any other IT tools you know (e.g. Desmos, Wol-
fram Alpha, Microsoft Excel).

gl AIFAMAOR Shiny T B (https://www.math.cuhk.edu.hk/app/mathmodel/tool.
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1. Modelling Population
PNEE=:y:

The World Bank dataset (https://data.worldbank.org/country) provides population
data for different countries over time.
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(a) Consider the population of a few countries of your choice (e.g. China, USA, the United
Kingdom) from 1970 to 2020, and decide what model would be best for approximating
the population for each of them.
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(b) Interpret different parameters in the model. How are they related to the data?
R R AN F 28 - EMEREURA MR R 2

(c) Use the model to predict the population in a future year (e.g. 2030).
i FRZ AR TR AL & (BI302030 ) RINET »
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2. Modelling CO2 Emission
TR HEBGE E

The CO2 Emission dataset (https://www.kaggle.com/datasets/debajyotipodder/
co2-emission-by-vehicles, you will need to download it to see the emission data)
contains data on CO2 emissions, fuel consumption, and engine size for various vehicles.
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(a) Plot CO2 emissions against engine size.
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(b) Fit a polynomial regression model (e.g., quadratic or cubic) to the data.
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(c) Compare the polynomial model to a linear regression model and discuss which fits
the data better.
b 2 TR B AL B AGR IR R SR 7 » St R B0 5 B 5 %

(d) Evaluate the model’s performance using metrics like R? or root mean square error
(RMSE).
fEF R? BT IRERZE (RMSE) SR ISR TG IR B K -

(e) Use the model to predict CO2 emissions for a vehicle with a given engine size.
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(f) Look for other factors that may also affect CO2 emissions and try to include them in
the model.
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