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‘Part A: Basic Questions‘

1. Let f(z) = ax® + bz — 1, where a and b are constants. Suppose f(x) is divisible by  — 1. Also, when divided

by « 4+ 1, f(z) leaves a remainder of 4. Find the values of a and b.
2. Let f(z) =222+ ax + b.

(a) Given that if f(z) is divided by x — 1, the remainder is —5. Also, if f(x) is divided by x + 2, the remainder
is 4. Find the values of a and b.
(b) Hence, find the value of x such that f(x) = 0.
3. Consider the function f(z) = 22 + bz — 15, where b is a constant. It is given that the graph of y = f(z) passes
through the point (4, 9).
(a) Find b. Hence, or otherwise, find the two z-intercepts of the graph of y = f(z).
(b) Let k be a constant. If the equation f(x) = k has two distinct real roots, find the range of values of k.

(c) Write down the equation of a straight line which intersects the graph of y = f(z) at only one point.
4. Let p(z) = 422 + 122 + ¢, where c is a constant. The equation p(x) = 0 has equal roots. Find

(a) ¢

(b) the z-intercept(s) of the graph of y = p(z) — 169.
5. Let f(x) = 2? + 2z — 2 and g(x) = —22? — 122 — 23.

(a) Express g(z) in the form a(x + b)? + ¢, where a, b and ¢ are real constants. Hence show that g(z) < 0 for

all real values of x.

(b) Let ky and kg (k1 > k2) be the two values of k such that the equation f(x) 4+ kg(z) = 0 has equal roots.
Find k; and k».
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Part B: Advanced Questions‘

Given that the graph of the quadratic function y = ax? + bz + ¢ has a vertex on the y-axis, ¢ — b = 2, and passes

through the point (2, 8) (as shown in Figure 1), find the analytical expression of this quadratic function.

Figure 1: Question 6

The z-coordinate of the vertex of a parabola y = ax? + bx + ¢ is 1, and the parabola passes through points
A(1,5) and B(3, 1). Find the equation of this parabola.

Given that the graph of the quadratic function y = ax?+bx + ¢ passes through the point (—1, 18), has a distance
of 3 between its two x-intercepts, and satisfies that b> — 4ac = 9, with the vertex in the fourth quadrant, find

the values of b and c.

Assuming that the quadratic equation of z, 2a2? — 22 — 3a — 2 = 0 has one root greater than 1 and another root

less than 1, find the range of a.

Assuming that the quadratic function y = az? + bx + ¢ attains a maximum value of 3 at = 1, and the length of

the segment intercepted by its graph on the z-axis is 4, find the coefficients a, b, and ¢ of the quadratic function.

Suppose a and b are two real numbers that satisfy

Va2 —2a+1+36—-12a+a>=10—|b+3|— [b—2|.
Find the maximum value of a? + b2.

Given that the two real roots of the equation z? — 2ma +m? —1 = 0 are a and 3, find the relationship between

m and k such that o and S lie between the two real roots of the equation 2 — 2mz + k = 0.
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a=3,b=-2.
(a) a=1,b=—6.
3
(b) x:—iorx:Z

(a) b =2, and the two a-intercepts are —5 and 3.

(b) k> —16.
(c) y=—16.
(a) c=09.

(b) The a-intercepts of the graph are —8 and 5.

(a) g(x) = —2(z +3)? — 5.

3
b) k1 =1and ko = ——.
(b) k1 =1and kr = -5
b\>  dac—b? . . .
Because y =a | z + % + —a and the vertex of the graph is on the y-axis, we can obtain that
a a
b _
2a

equivalently, b = 0. Furthermore, by ¢ — b = 2 we obtain ¢ = 2. Since the graph passes through (2, 8), then

3
8=ax224+0x2+2, a= —. Therefore, the analytical expression is

3 2
= — 2.
Y=g+

y=—xz2+ 2z +4.
b=-7,c=10.

According to the problem statement, the graph of y = f(x) = 2ax? — 22 — 3a — 2 should have x-intercepts on
both sides of (1, 0). We obtain from the graph that

a<0, a>07
or
f(1)>0 f(1) <o.
Equivalently
a <0, a >0,
or
20—-2-3a—-2>0 20 —2—-3a—-2<0.

Solving which yields a > 0 or a < —4.
Since the function reaches a maximum of 3 at x = 1, it can be expressed as
y=alr—1)2+3 (a<0).

Also because its graph intersects with the x-axis, with segment length of 4, and its axis of symmetry being x = 1,
it is bound to pass through the points A(—1, 0) and B(3, 0). Therefore, 0 = a(—1—1)2+3, a = ~7
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Figure 2: Answer of Question 10

Furthermore,

3 3 3 9
= 212 43=-"224+224°.
Yy 4(:0 ) +3 i +2x+4

3 2 9
Thusa:—z,bz?c: 1
1. |la—1[+]a—6]+[b+ 3]+ [b—2| = 10.
Note that we have |b — 2|+ |b+ 3| > 5 and |a — 1| + |a — 6] > 5 and their sum is less than 10.
Therefore, a can only take value from 1 to 6 while b can only take value from —3 to 2.

Then, it is easy to see that the maximum of a? + b2 is 62 + (—3)% = 45.

12. k<m? -1



