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Part A: Key Concepts‘

1. Definition (Vector). An object of the form (a1, as,--- ,ay) is called an (n-dimensional) vector. The elements
ai,as, - ,a, are called the entries, or components of the vector.
Example. The set of all n-dimensional vectors such that aq,as,--- ,a, are real numbers is denoted by R".
e.g.(3,-2,0) and (—1,1,4) are both in R3.
Remark. Vectors in R” can be written as column vectors
ai

az

Qn

rather than as row vectors (a1, a2, - ,a,).

2. Definition (Matrix). An m x n matrix with entries from R is a rectangular array of the form

a11 aiz2 -+ Qln
a21 a2z -+ Q2n

9
Am1 Am?2 o Amn

where each entry a;; (1 <i<myl < j<mn)isareal number. We call the entries a;; with i = j the
diagonal entries of the matrix. The entries a;1, a;2,- - , @ compose the ith row of the matrix, and the entries
a15.0425," " ,Qm; compose the jth column of the matrix.

Remark. In this note, we denote matrices with capital letters (e.g., A, B, and C), and we denote the entry of a
matrix A that lies in row 7 and column j by A;;. In addition, if the number of rows and columns of a matrix are

equal, the matrix is called square.

3. Definition (Vector addition, Scalar multiplication).
R™ is a set with the operations of coordinate-wise addition and scalar multiplication; that is, if u = (a1, a2, - ,a,) €
R™ v = (b1,ba, -+ ,b,) € R" and ¢ € R, then

u+v=(a;+by,a2+ba, - ,a, +b,) and cu= (cai,cag, -, cap).
Example. In R3, we have

(3,-2,0) + (=1,1,4) = (2,-1,4) and —5(1,—2,0) = (-5, 10,0).

4. Definition (Matrix addition, Scalar multiplication).
The set of all m x n matrices with entries from R is denoted by M,,«,(R), with the following operations of

matrix addition and scalar multiplication: For A, B € M,,«,»(R) and ¢ € R,

(A+ B)ij = Aij + B;; and (CA)ij = CAZ'j



forl<i<mand1l<j<n.

Example.
2 0 -1 N -5 =2 6\ (-3 =25
1 -3 4 3 4 -1/ \4 1 3
and
1 02y (-3 0 -6
-3 2 3 9 -6 -9
inngg(R)

. Definition (Matrix Multiplication). Let A be an m X n matrix and B be an n X p matrix. We define the
product of A and B, denoted AB, to be the m X p matrix such that

n
(AB)ij = AinByj + AigBaj + -+ - + Ay Bpj = ZAikBkj for1<i<m,1<j<p
k=1
Remark. In order for the product AB to exist, there are restrictions regarding the relative sizes of A and B.
The following mnemonic device is helpful: (m x n) - (n x p) = (m x p). That is, the two ”inner” dimensions must

be equal, and the two ”outer” dimensions yield the size of the product.

4
2 1\ [, varz2e1s ) _ (18
04 —1) ] 0-4+44-2+(=1)-5 3
Note that the symbolic relationship (2 x 3) - (3 x 1) = (2 x 1).

Definition (Identity matrix). The n x n identity matrix I,, is defined by (I,,);; = 1if i = j and (I,,);; =0 if
i # j. Verify that AI, = I, A for all n X n matrices A.

Example. We have

. Definition (Transpose). The transpose A” of an m x n matrix A is the n x m matrix obtained from A by

interchanging the rows with the columns; that is, (AT);; = Aj;.

T 1 0
1 -2 3
=l-2 5
0 5 -1
3 -1
. Definition (Trace). The trace of a square matrix A is defined as the sum of all its diagonal entries and is
denoted by tr(A).

Example.

Example.

. Definition (Determinant). If

is a 2 X 2 matrix with entries from R, then we define the determinant of A, denoted det(A) or |A|, to be ad — be.

1 2
A= and B = 3 2
3 4 6 4

det(A)=1-4—-2-3=-2 and det(B)=3-4—-2-6=0

Example. For the matrices

in May2(R), we have



You can check that generally, det(A 4+ B) # det(A) + det(B).

Before we extend the definition of the determinant to n x n matrices for n > 3, it is convenient to introduce the
following:

Notation Given A € M, «,(R), for n > 2, denote the (n — 1) x (n — 1) matrix obtained from A by deleting row
7 and column j by A,-j. Thus for

1 2 3
A=1|4 5 6| € Msx3(R),
7 8 9
we have
- 5 6 - 4 5 1 3
1= 3= , and Asgy =
8 9 7 8 4 6
and for
1 -1 2 -1
-3 4 1 -1
B = 9 5 _ € Myxa(R),
-2 6 -4 1
we have
1 -1 -1 1 2 -1
Bys=|2 -5 8| and Bp=|-3 1 -1
-2 6 2 -3 8

. Definition (Determinant). Let A € M, (R). If n =1, so that A = (A1), we define det(A4) = A;;. For n > 2,

we define det(A) recursively as
n

det(A) =) "(~1)"7 Ay - det(Ay;).
j=1
The scalar det(A) is called the determinant of A and is also denoted by |A|.
The scalar
cij = (—1)"7 det(4y)
is called the cofactor of the entry of A in row 4, column j.

Now we can express the formula for the determinant of A as
det(A) = Ajrenn + Argera + - + A cin.

This formula is called cofactor expansion along the first row of A. You can check that for 2 x 2 matrices,
this definition of the determinant of A agrees with the one above.

Example. Let

1 3 -3
A=|-3 -5 2 | € Mss(R).
-4 4 -6

Using cofactor expansion along the first row of A, we obtain
det(A) = (—1)1+1A11 . det(/iu) + (—1)1+2A12 . det(fhz) + (—1>1+3A13 . det(Algg)

__2'6752 _3.6—32 _4_.6—3—5
—(1)(1)dt<4 _6>+(1)(3)dt<_4 _6>+( 1)(3)dt<_4 4)

=1(22) — 3(26) — 3(—32)
= 40.



10. Definition (Non-singular). If a square matrix has a non-zero determinant, it is called a non-singular matrix.

11.

Remark. The determinant of a square matrix can be evaluated by cofactor expansion along any row. That is, if
A € Mpxn(R), then for any integer i (1 <14 <n),

det(A) = zn:(—l)i+inj . det(;lij).

j=1

Definition (Inverse). Let A be an n x n matrix. Then A is invertible if there exists an n x n matrix B such
that AB=BA=1.

If A is invertible, then the matrix B such that AB = BA = I is unique. (Try to prove this.) The matrix B is
called the inverse of A and is denoted by A~!.

L) (5 7)

Example. Verify that the inverse of



Part B: Basic Exercises

-2 0
1. Compute —2u + 4v where u = | —2 | and v = | 4
2 5

2. Calculate

2 5 -3 4 -2 5
o (o))
10 7 -5 3 2

-6 4 7 -5
® |3 —2[+[o -3
1 8 2 0

2 5 3
CRION

3. Calculate

o (1)

o ()

(@) Caleutate (_31 Z) ( )

5 3
(b) Calculate the inverse of (6 4) .

=~

ot

7
M = <2 g) and |M| = 1. Find the value of w.

&

2 8
A= (1 4). Calculate A2 — 4A.

7. Let A be an m x n matrix, B and C be n x p matrices. Show that A(B + C) = AB + AC.



Part C: Advanced Exercises

8. Let n be a positive integer.

10
(a) Define A = (1 1).

i. Calculate A2, A3, A%
ii. Can you guess what the general form of A™ is? Prove it using mathematical induction.

iii. Similarly, find (A=1)".
n—1
(b) i Simplify » 2% (le, 20421 422 4. 4207,
k=0

n
ii. Can you guess what the general form of <1 2) is? Prove it using mathematical induction.

: : a b e f
9. (a) 1i. For any matrices M = p and N = L) prove that tr(MN) = tr(NM).
c g

1 0
ii. Let A and B be 2 x 2 matrices such that BAB~! = (O 3). Using the result in (i), prove that

tr(A) = 4.

(b) Let C = Pt ns given that C R A1 ) and o[ ) = A2 2] for some non-zero vectors
r.s Y1 " Y2 Y2

o , 2 and distinct scalars A1 and As.
'A% Y2

- A - A
i. Prove that P ! 1 =0 and P ? 7 =0.
T s— M\ T 5— A
ii. Hence, prove that A\; and Ao are the roots of the equation A\? — tr(C) - X + det(C) = 0.
a+f —ap - N .
10. Let A = ) 0 where o and 3 are distinct real numbers. Let I be the 2 x 2 identity matrix.

(a) Show that A? = (a+ B)A — afI.
(b) Using (a), or otherwise, show that (A —al)? = (8 — a)(A — al) and (A — BI)? = (o — B)(A — BI).
(c) Let X =s(A—al)and Y =t(A — 5I), where s and ¢ are real numbers. Suppose A =X +Y.

i. Find s and ¢ in terms of « and .

ii. For any positive integer n, prove that X" = ﬂﬁ_"a (A—al)and Y™ = aa_"ﬁ(A — pI).

iii. For any positive integer n, express A™ in the form of pA 4 ¢I, where p and ¢ are real numbers.

00
(Note: It is known that for any 2 x 2 matrices H and K, if HK = KH = <0 0) , then (H 4+ K)" =

H™ 4+ K™ for any positive integer n.)

7 3 6
11. Define M = < 5). Let X = <Z a) be a non-zero real matrix such that M X = X M.
c

(a) Express b and ¢ in terms of a.
(b) Prove that X is a non-singular matrix.

(c) Denote the transpose of X be XT. Express (X7)~! in terms of a.

2 00 0 01 100
12. Let A=1|1 1 0|, P=|0 1 1], D=]0 1 0
1 01 1 11 0 0 2



(a) Let I and O be the 3 x 3 identity matrix and zero matrix respectively.

i.

ii.

ii.

iii.

Show that P3 —2P? — P+ 1=0.
Using the result of (i), or otherwise, find P~1.

i. Prove that D = P~ 1AP.

Prove that D and A are non-singular.
Find (D~1)t00,

Hence, or otherwise, find (A~1)00,



Part D: Solutions‘

oL

2.

. We have

(
()
(

[AB+C))ij =Y Aw(B+C)y;
k=1

= Z Air(Bij + Cu;j)

=1
= Z(AikBkj + A;Ch;j)

k=1
n n

= Z AiBrj + Z AiClj
k=1 k=1

= (AB);j + (BO);;
— (AB + BO);;

GG

0
1) (by mathematical induction)



1 0
ii. <2n . 2n> (by mathematical induction)

9. (&) i tr(MN)=ae+bg+cf+dh=ea+ fc+gb+hd=1tr(NM).

ii. Using the result in (i), we have

o 99) (6 99
0 3 0 3
=tr <<1 O) (BBl)> =tr ((1 0) I) =tr ((1 0)) =1+3=4
0 3 0 3 0 3
(b) i Since C <I1> =\ <x1> for some non-zero vector <x1>7 we have (C' — A1) <x1> =0, ie.,
Y Y1 Y1 U1

p— A q x1 -0
r s— A\ Y1 .

p— A q -\ q

r s — A1

If

-1
exists. Multiplying both sides
r s — A\

# 0, then the matrix inverse (p

-1
- A x
of the above equation by (p ! q)\ ) gives ( 1) = 0, which contradicts the condition that the
T §—A1 hn
- -
vector is a non-zero vector. Therefore, we have b ! e = 0. Similarly, b 2 ¢ =
T s— M\ r S — Ao
0.
ii. From (a), we have
pP—M q
=(@—M)(s— M) —rg=0,
T s— A\

from which we have

A —(p+8)\ +ps—rqg=0.

Similarly,

A —(p+8)ha+ps—rqg=0.

Also, note that p + s = tr(C) and ps — rq = |C|. Therefore, A1, Ay are the two roots of the solution

A2 —tr(C) - A+ det(C) = 0.

10. (a) By direct calculation,

LHS = A% = <‘”B aﬂ) <0‘+5 aﬂ) _ <(a+5)2 —af aﬂ(a+ﬂ)>

1 0 1 0 a+ —afB
B B B atf —af) 1 0\ [(a+B)? —aBla+p) _faB O
s sttt (0 ) an(1 9) (2 o) (o0 1)

Therefore, we have A% = (a + 3)A — aj1.
(b) (A—al)? =A% —2aA+a?l = (a+ B)A — aBl — 2aA + oI = (8 — a)(A — al), similar for (A — 3I)2.

. s o
. 8= t= .
© is= o=t
ii. X"=s"(A—-al)"=s"(B—a)" H(A-al)= b (A — al), similar for Y™.
i, XY =YX =0, pA+ql = A" = (X +Y)" = X" + Y™, hence p = = _g 7q:%,
a— a—



11. (a) b= —2a, c = —3a.

1 6
(b) |X|7é0whena7éO,X:a< ) 3) is a zero matrix if a = 0, so a # 0.
12
()| 3 9
3 9
1 11 1 2 3
12. (a) i By direct calculation, we have P2= 11 2 2| and P*= |2 4 5 [. Therefore, we have
1 2 3 3 5 6
1 2 1 11 0 0 1 1 00
P?—2P*—P+I1=|2 4 -2f1 2 2[{-]0 1 1|+f0 1 0f|=0
3 5 1 2 3 1 1 1 0 0 1
0o -1 1
ii. P7l=T1+2P - P?= 1 1 0
1 0 0
0 -1
(b) i.Plt=|-1 1 0|, D=P AP by calculation
1 0 0
ii. [A|=|D|=4+#0
1o 0 10 0 271000 0
iii. (D~H)0=(0 1 0 | henceA'=P|0 1 0 |Pl=[2710_7 1 0
1
0 0 =5 0 0 27100 2710 -1 0 1

2100

10



