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Department of Mathematics
Exercises on Eigenvalues and Eigenvectors of a Matrix
Example 1. Let

1 2 -1
A=1]1 0 1
4 —4 5
The characteristic polynomial of A is
A—1 =2 1
fA) =det(A\ls—A)=| -1 X -1
—4 4 X-5

We compute the determinant using co-factor expansion along the first row:

det(A\ — A) = (A —1) - det (Z A_15> (— )da(i )\_15>+1-det (‘1

=(A-1)
=A=1)(A2 =X +4)+2(=A+5—4) + (=4 +4))
=A=1DA =1\ —4) +2(=A+1)+4\—4
=AW =2 F1)(A—4) —2X+2+4)—4
=2 4N 222 8 A+ A -4+ 20 -2
=X —6X2 + 11\ — 6.

Thus, the characteristic polynomial is f(\) = A3 — 6A? 4+ 11\ — 6.
Example 2. Consider the matrix of Example 1. The characteristic polynomial is

FO) =X —6A% 4111 — 6.

>

)

AA=5) = (D@ +2[(=DA =5) = (=D(=D] + 1[(-=1)(4) = A(-4)]

The possible integer roots of f(\) are +1, +£2,+3 and +6. By substituting these values in f(\),
we find f(1) =0, so A =1 is a root of f(A\). Hence (A — 1) is a factor of f(\). Dividing f(X)

by (A — 1), we obtain
fO) =\ =1)(A2=5X+6).

Factoring A% — 5\ + 6, we have

The eigenvalues of A are then
Al=1, da=2, \3=3.

To find an eigenvector x; associated with A\; = 1, we form the linear system

(1I3 — A)x =0,

—_
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or
0 -2 1]|[m 0 10 1/2]0
-1 1 -1 zo | =10 = |0 1 —=1/2(0
—4 —4 T3 0 00 00
A solution is
1y
N
r

for any real number r. Thus for r = 2,

X1 = 1

is an eigenvector of A associated with A\ = 1.

To find an eigenvector associated with Ay = 2, we form the linear system

(2[3 - A)X = 0,
2-1 —2 1] [ = 0
-1 2 -1 x2 | =10
-4 4 2-5 T3 0
or )
1 -2 1 1 0 1 0 1/2]0
-1 2 -1 zo | =10 — |0 1 —-1/4(0
-4 4 =3 x3 0 0 0 0|0
A solution is
1
~ir
"
r
for any real number r. Thus for r = 4,
-2
X9 = 1

is an eigenvector of A associated with Ay = 2.

To find an eigenvector associated with A3 = 3, we form the linear system
(3]3 - A)X = 0,

and find that a solution is

= s =
=03

<

for any real number r. Thus for r = 4,

X3

I
AN
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is an eigenvector of A associated with A3 = 3.

Summary Table

Figenvalue | Corresponding Eigenvector
-1
)\1 =1 X1 = 1
-2
AQ =2 X9 = 1
-1
)\3 =3 X3 = 1
4
Example 3. Diagonalize the following matrix, if possible.
1 3 3
A= -3 -5 -3
3 3 1

That is, find an invertible matrix P and a diagonal matrix D such that A = PDP~1.

Solution

Step 1: Find the eigenvalues of A. The characteristic equation turns out to involve a cubic

polynomial that can be factored:

0=det(\3—A) =N 4+3)\2 —4=(\—1)(\+2)?

The eigenvalues are A =1 and A = —2.

Step 2: Find three linearly independent eigenvectors of A. This is the crucial step. If

it fails, A cannot be diagonalized.

1. For A = 1: We have to solve the homogeneous system (113 — A)x = 0 or

0 -3 -3 x1 0 10 -1 1 0
3 6 3 2 | =10 =101 1 zo | =10
-3 -3 0 T3 0 00 O T3 0
Now,
1
X1 = —1
1
2. For A = —2: We have to solve the homogeneous system (—2/3 — A)x = 0 or
-3 -3 -3 x1 0 111 x1 0
3 3 3 2 | =10 =110 00 x2 | =10 1.
-3 -3 -3 T3 0 0 00 x3 0
Now,
-1 -1
X = 1|, and x3= 0
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Thus {x1,X2,x3} is a linearly independent set (verify).

Step 3: Construct P from the vectors in Step 2. Using the order chosen in Step 2 form

1 -1 -1
P = [ X1 X9 X3 = -1 1 0
1 0 1

Step 4: Construct D from the corresponding eigenvalues. The order of the eigenvalues

matches the order chosen for P. Use the eigenvalue A = —2 twice, once for each of the
eigenvectors corresponding to A = —2:
1 0 0
D=0 -2 0
0 0 -2

Let us check that P and D really work. To avoid confusion, we simply verify that AP =
PD. This is equivalent to A = PDP~! when P is invertible. We compute

1 3 3 1 -1 -1 1 2 2

AP=| -3 -5 -3 -1 1 0O|=|-1 -2 0
3 3 1 1 0 1 1 0 -2

1 -1 -1 1 0 O 1 2 2

PD=| -1 1 -2 0|=]-1 -2 0
1 0 1 0 0 -2 1 0 -2

Summary of Diagonalization

Eigenvalue | Eigenvector | Position in P / D
1

Ar=1 x; = |—1 Column 1 / D13
1
-1

M=-2 |x=11 Column 2 / Dy
0
-1

AM=-2 | x3=1]0 Column 3 / D33
1

Diagonalization Result:

1 -1 -1 1 0 0
P=|-1 1 0|, D=0 -2 0
1 0 1 0 0 -2



