THE CHINESE UNIVERSITY OF HONG KONG

Department of Mathematics

Mathematical Modelling Project Team
mathmodel@math.cuhk.edu.hk

HSMMC Pre-workshop Learning Materials (Linear Algebra)

Last updated: March 23, 2026

Background H &

Linear algebra plays an important role in various mathematical modelling tasks, such as:

AUERBES R ES T EEEAE - fia

e Solving systems of equations

T RERH

e Finding the best-fit parameters in the regression models
FH A B P R RS 28

e Evaluating the accuracy and error of the models

AR TR ) M I B

Here, we cover some basic concepts of linear algebra, including vectors, matrices, and their

operations.
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1 Vector [o] &

An object of the form (ay, as, - - - , a,) is called an (n-dimensional) vector. The elements a;, as, - - , a,

are called the entries, or components of the vector.

AN (a1, a0, -, an) RIVITERER (n HE) AR ° TR a1, a0, ,a, BRAMENKHSS & -

More specifically, row vectors take the form
FERRGHE > AT BB A

(al Qg -+ an)

and column vectors take the form
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ai

as
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Example #|+

Below are some examples of row vectors:

PUN 2 AT 0 R — 2861

(13), (2 -1 010 75)

Below are some examples of column vectors:

PATR 2371 ] B A — L5451 5

3
1 —1
3] 4
—1.59
Example #l+
The set of all n-dimensional vectors such that aq,as, - ,a, are real numbers is denoted by R".

e.g.(3,—2,0) and (—1,1,4) are both in R3.
HITEER a1, a0, - ,a, SARHT n HERIRES - 508 R - Fl40 > (3,-2,0) F (—1,1,4) ¥

2 Matrix o

An m x n matrix with entries from R is a rectangular array of the form

—ETEIE R 8 m x n FEFEUE— L0 N AR S

11 Q12 - Q1p
21 Q22 A2n,

. b
Am1 Am2  * - Amn

where each entry a;; (1 <i<m,1<j <n)isareal number. We call the entries a;; with ¢ = j the
diagonal entries of the matrix. The entries a;1, a;o,- - - , a;, compose the ¢th row of the matrix,
and the entries aj;.ag;, - - , ap; compose the jth column of the matrix.

HAPGEAKE a; (1<i<m,1<j<n)#HE—E0EE - T i = BIRE ) RHFAEMRSE AL
W&H o & H an,aim, -, ap FBGERERYSE ¢ 47 > TRE aij.a0), -, any SABFEERIEE 5 51 o



Remark. In this note, we denote matrices with capital letters (e.g., A, B, and C), and we
denote the entry of a matrix A that lies in row ¢ and column j by A;;. In addition, if the number of
rows and columns of a matrix are equal, the matrix is called a square matrix.

R EAZERH > RMAKREFES (FIIn A~ B C) FoRmME » H A FRHEM A F47
FYEE i AT 5 SRR R o Ah - AR —EFEBRAYIT BN S BUAE S - FIRE 2 R D5 B

Example #|+

Below are some examples of matrices:

PUN 2 — SRR R 1] 1 -

3 Vector addition, Scalar multiplication
[ EINVE ~ A ESRIA

R™ is a set with the operations of coordinate-wise addition and scalar multiplication; that is, if
u = (ay,as, - ,a,) € R" (here € means “is in” /“is an element of”), v = (b1, by, -+ ,b,) € R", and
c € R, then

R E—{HAC T AR INE M B RIEERENES s UEEH & v = (a1, a2, ,a,) € R" (UL
e Bh TEIRY ) »v=(b,by - ,by)eR"> HeceR-Hl

u+v=(ay+b,ay+by--,a,+0b,) and cu=(cai,cas, - ,cay).

Example #]+

In R3, we have

ER*FH

(3,—2,0) + (—1,1,4) = (2,—1,4) and —5(1,—2,0) = (=5,10,0).

4 Matrix addition, Scalar multiplication
FERINTE ~ FE IR

The set of all m x n matrices with entries from R is denoted by M,,«,(R), with the following operations

of matrix addition and scalar multiplication: For A, B € M,,»,(R) and ¢ € R,
FrE TR EE R B9 m x n FEMEFT AR GELR M, (R) » SGEFACH DL T 6 BN A1 4l & S ik 8
B BN A BE Myn(R) R ceR >

(A -+ B)” = Aij + Bij and (CA)Z']' = CAZ‘J'
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forl1<i<mand1<j<n.
Hb1<i<m »1<j<ne

Example #i+

and

5 Matrix Multiplication %8 iz

Let A be an m x n matrix and B be an n X p matrix. We define the product of A and B, denoted
AB, to be the m X p matrix such that

& A —{E m xn FEE > B R—18 n x p 5 o FAMF A Bl B B RS m x p 2B - 5%
AB {513

(AB)i; = AuByj + ABaj + -+ + ABuj = > ApBy for 1<i<m,1<j<p
k=1

Remark. In order for the product AB to exist, there are restrictions regarding the relative sizes of
A and B. The following mnemonic device is helpful: (m x n) - (n x p) = (m x p). That is, the two
“inner” dimensions must be equal, and the two “outer” dimensions yield the size of the product.
R : EAESRIE AB 18 » A M B BRIRGTET R AT EMAT o LUNBIRC T IEECEEB © (mxn)-
(n x p) = (m x p) o PR > WM T HELLDEMSE » TwE Toh) SR B T SRFEHMHE Y
KN e

Example #l+

4
t2 1\ [ [ Ta+22+15 ) (13
04 1), - \0-4+4-2+(-1)-5) \3

Note that the symbolic relationship is (2 x 3) - (3 x 1) = (2 x 1).
AR HAEERARE 2x3)-Bx1)=2x1)°

6 Identity matrix {5

The n x n identity matrix I, is defined by (1,,);; = 1if i = j and (1,,);; = 0 if ¢ # j. Verify that

Al, = I, A for all n x n matrices A.



nxn BAEE L, EER H =58 (L)y=1:%Fi#j 8l (1), =0 BEENRIE nxn
HEPE A AL =1,A=A-

Example #il+

S = O
_ O O

7 Transpose &

The transpose A’ of an m x n matrix A is the n x m matrix obtained from A by interchanging the
rows with the columns; that is,

—{H m x n M A WEE AT B@EmE 0 A TSGR 0 x m R WELEH 0 (A7), =
Aji o (AT)ij = Aji.

Example #l+

8 Determinant (for 2 x 2 matrices)

731 (B 2 x 2 FEfH)

b
If A= ¢ is a 2 X 2 matrix with entries from R, then we define the determinant of A, denoted
c

by det(A) or |A], to be:
H A= (a Z) e HTTEIE R A 2 x 2 JEEE - QI3 A BT8R A det(A) BL [A] - B2

det(A) = ad — be.



Example #l+

. 1 2 3 2
For the matrices A = and B = , we have
3 4 6 4

det(A)=1-4—-2-3=—-2 and det(B)=3-4—-2-6=0

%Mﬁ@A:<lﬁ;&B:C‘ﬁ,ﬁﬁﬁ
3 4 6 4

det(A)=1-4-2-3=-2 F det(B)=3-4-2-6=0

. J

We can check that in general, det(A + B) # det(A) + det(B).
AT LABRE » — I T det(A 4+ B) # det(A) + det(B) °

9 Determinant (for general square matrices)
75150 (B —7 )

Before we extend the definition of the determinant to n x n matrices for n > 3, it is convenient to
introduce the following;:

TEAHATYI X E RIBREE] n > 3 W n x n FEFEZ BT > SE5I AL ECSR &8 A 77 # -

Notation Given A € M,,.,(R), for n > 2, denote the (n — 1) x (n — 1) matrix obtained from A by
deleting row ¢ and column j by /LJ Thus for

PR AE A € My (R) > 85 n > 20 F Ay BoRiE A FIHEREE « 7TRE §j 51BN
(n—1) x (n — 1) 5 o B » BHR

1 2 3
A=14 5 6| € M3,3(R),
78 9

we have
XML
- 5 6 ~ 4 5 ~ 1 3
Ay = ) 13 = , and Az =
8 9 7 8 6
and for
[HESPA
1 -1 2 -1
-3 4 1 -1
B = IS M4X4(R),
2 -5 -3 8
-2 6 -4 1



we have

B
1 -1 -1 1 2 -1
Buy=|2 -5 8 and Bp=|-3 1 -1
-2 6 1 2 -3 8

Let A € M,»n(R). If n =1, so that A = (A1), we define det(A) = Ay;. For n > 2, we define det(A)
recursively as
HAEMyn(R)o B n=1>H A= (A) > TIMEFE det(A) = Ay ° IR n > 2 HFHREHE
7% det(A) B

n

det(A) = (1) Ay; - det(Ay).

j=1
The scalar det(A) is called the determinant of A and is also denoted by |A|.
LR det(A) BB A HUFTRIS » AIHIEE S (4] -

The scalar

cij = (1) det(Ay)
is called the cofactor of the entry of A in row 4, column j.
W& A ARG 175 5 SIRIER E RIBRIRBL -
Now we can express the formula for the determinant of A as

AT AT LT A 75N FE A
det(A) = Aricir + Arpcin + - + Ancap.

This formula is called cofactor expansion along the first row of A. You can check that for 2 x 2
matrices, this definition of the determinant of A agrees with the one above.

BN A B —ATEITREREBURE - /R7T LABRRE » BIY 2 x 2 Faf » AT E 8
BAR i E 7% —2L °



Example #l+

Let
s
1 3 -3
A=|-3 -5 2 | € M3(R).
-4 4 —6

Using cofactor expansion along the first row of A, we obtain

e A RSB —ITETHUBRIABURR - FfIRE]

det(A) = (—1)1+1A11 . det(jln) -+ (—1)1+2A12 . det(Alg) + (—1)1+3A13 . det(/~l13)

) -5 2 5 -3 2 03y dqet [ 3 7P
= (-1) (1)-det<4 _6>+(—1) (3)-det<_4 _6>+( 1)*(=3) dt<_4 4)

= 1(22) — 3(26) — 3(—32)
— 40.

\. .

Remark. The determinant of a square matrix can be evaluated by cofactor expansion along any row.
That is, if A € M,,«x,(R), then for any integer i (1 < i < n),

R - BRI S EUR] DUE@ I R — AT ET BRI BURFI ARG - hEl2 & » & A € Moy, (R)
HIEAMEEEE i(1<i<n) >

det(A) = Z(—l)Z—HAZ] : det(fl,j)

j=1

10 Non-singular matrices F &7 £ H i

If a square matrix has a non-zero determinant, it is called a non-singular matrix. If the determinant

is zero, it is called a singular matrix.

R IAARE > QIR RAEa BN - R T A%T - Al Ay B -

Example #]+

For the matrices A = <; i) and B = <2 i), we have det(A) = —2 and det(B) = 0.
Therefore, A is non-singular and B is singular.

MR A — (; i) % B— (Z i) ) det(A) = —2 F det(B) = 0 o Flt » A RAEH R
[ 0 T B AR -




11 Matrix inverse ¥ %0 &

Let A be an n x n matrix. Then A is invertible if there exists an n X n matrix B such that
AB=BA=1.
A B nxn 5P o FHFEE—H n xn 55 B 15 AB=BA =1, H| A &0 -

If A is invertible, then the matrix B such that AB = BA = I is unique. (Try to prove this.) The
matrix B is called the inverse of A and is denoted by A~!.

= AT QW AB = BA =1, W B 22—/ - (EalFEWHE 8 - ) B B A AR
WRER - S0 AT e

Using the properties of determinant, it can be proved that A is invertible (i.e. A™! exists) if and only
if A is non-singular (i.e. det(A) # 0).
MAATHIRAIEE » AT LIRERT A Al08 (B0 A~ f745) EHIEE A 2IEF 2L (Bl det(A4) #0)

a

For any 2 x 2 matrix A = ( ) , it can be shown that the matrix inverse is

C
a

C

SHRER 2 x 2 Kl A = ( 2) » T LB A

1 1 d —b
4 N ad — bc (-C a ) ‘
Example #l+
The inverse of (5 7) is ( s _7) :
2 3 -2 5
(5 7) BT (3 ‘7>.
2 3 -2 5

12 Vector and matrix norm [r] 5 & 55 B 0 Fe &5 8

12.1 Euclidean norm BX%% H 15818

T . . .
For a vector x = (z1,x9,--+ ,x,)" , its Euclidean norm is defined as

BRI E x = (21,20, ,2,) 0 HECSEBEHBTEES

Il = /a2 + a3+ 4 a2,



Example #l+

If x = (1,3,1), we have ||x| = v12 + 32 + 12 = V/11.
% x=(1,3,1) B x| = VT 32+ = VII °

Remark. We can check that the Fuclidean norm satisfies all the following requirements:

TR o 3P AT DUBaRE R B S S B R LU R P A 25K

1. ||x|| > 0, and ||x|| = 0 if and only if x = 0, where 0 is the zero vector.
x| >0 H |x]|=0&BMEE x=0>HF 0 2FM[=E -

2. ||ax]|| = |a] - ||x]||, for all & € R.

x| = la] - [xI| * BFE o € R AL -

3. (Triangle Inequality): ||x +y|| < ||x]| + |ly]|-
(ZAAFEL) ¢ x+yll <+ [yl °

With these conditions, we can extend the idea of Euclidean norm and define more general p-norms.

A TEEEMRIRR - FFT T DU IR AR S B M FEE ARG p-#EEL

12.2 vector p-norm [\ &= [ p-ﬁ%(

T . .
For a vector x = (x1, 2, ,x,) , its p-norm is defined as

%ﬁﬁ\mi X = ($1,$2, e 7'Tn)T ’ :/H\: p'ﬁﬁ/ﬁé%

Sl

Ixll, = (" + 2o + -+ + [aal")7, 1< p<oo.

Example i+

For the vector x = (2, |]x|\3 Y2 +] - 3]F = ¥/35.
R x = (2,-3)" ||x||3 YRR+ =3 =35

Remark. ||x||, is nothing but the Euclidean norm. Also, we can see that

]l EP 2 s B (K o 1+ BePIRTLAB 3

n
Iy = |
i=1
and

e

1xlloe = max | -

You may take the latter one for granted, which can also be derived from definition, but it may need

some technique.
IRAT Uiz % > BT LIEE B 2K » (H] fEf 2 — LT o
One can verify that all p-norms satisfy the three requirements of a norm listed above. (Proving the

triangle inequality may also require some techniques.)

AT LUBRRB A p- BRI L By = (I E5K » (B =M E AR E 5T - )
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12.3 Matrix p-norm HFEH] p-#iE

Besides vector norms, we can also define matrix norms. If A is an m X n matrix, then the p-norm of
A is defined as:
BRT [ REE o BB IC R HEE o A 22— m x n M Jl A p-BBUEES -

A, = Ax||, .
|41, = max [ 4x],

This definition is hard to read. Let us provide some further explanation. The p-norm of a matrix A is
a measure of the maximum extent to which A can amplify the p-norm of any vector. Specifically, it
is defined as the maximum value of where x is a vector with unit p norm. This definition captures
the idea of the maximum “stretching” effect the matrix can have on a unit vector measured in the
p-norm.

TE 1 RE 28 AT AR B PR A - iRIRT AR — LR o GERE A B p-#BE R AV E A REAUCRAT AR M &
p-EEBARAAEE - ARG - ERCERR || Ax||, ERAE - B x 2AARN p#EHHE -
TEEE RS T AR E R RO & TR AR EBOR Thife ] 2B (DL p-#iEE) -

In practice, there are some much simpler formulas that we can use for calculating the matrix p-norms
for some specific p.

TEEET » SR ER) p o A — S B U RIS E R R p-H8L -

In particular, it can be proved that for p = 1, we have

Fenlh > AT DLERAE A p = 1> A

I|A]l: = nax E la;;| (i.e. the maximum absolute column sum of A).
>)sn
i=1

For p = 2, we have
it p =2 HME

[All2 = v/ Amax (AT A),
where A\pax (AT A) is the maximum eigenvalue of AT A.

HA A (ATA) & AT A WIS EUE -

For p = oo, we have
HN p=oo FE

|Al|cc = max g la;;| (i.e. the maximum absolute row sum of A).
1<i<m 4 1
]:

All these norms can be easily computed using standard commands in different programming languages

(e.g. numpy.linalg.norm in Python).
i 38 Lo EE BCAR v] DUE AN R AW AZ G 5 RS ap SRR ST R (ol Python Y numpy.linalg.norm) °
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Example #l+

Let A =

1 _3] . We have

2 4

oA [1 ‘3] - B
92 4

|All1 = max(1+ | —2|,| —3|+4) =7

5 —11
| All2 = 4 | Mmaz = 5.465
—11 25

[[Alloo = max(1 +[ =3[,| =2|+4) =6

Further readings ZE{HBEE

e Linear Algebra self-learning materials on Khan Academy:
Khan AcademyHJARIECE B 2K -

https://www.khanacademy.org/math/linear-algebra

e Linear Algebra self-learning materials on MIT OpenCourseWare:
MIT OpenCourseWare HJERVEME H K}
https://ocw.mit.edu/courses/18-06-1inear-algebra-spring-2010
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