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Background H &

Many real-world problems can be described or modelled by differential equations, such as:
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e Laws of motions jEE)iE {3
e Heat diffusion ZMEEL

e Biological growth £ &

Here, we cover some basic concepts of differential equations and techniques for solving differential

equations.
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1 Differential Equations {45 /7 &

A differential equation is an equation containing derivatives as an unknown function. The order

of a differential equation is the order of the highest derivative in the equation.
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Example #il+

Differential Equation @ Order Unknown Function
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In some cases, we can solve a differential equation by directly integrating the equation on both sides.
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Example #]+

Consider the differential equation
R TR
Yy =

To solve it, we integrate the equation with respect to x once,
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y= [ xdr = 2"+ C,

where C' € R. This is called the general solution.
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If the integration constant C' is set to be a particular number, e.g. C' = 3, then y = §x2 +3is

a particular solution to the differential equation.
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The general solution to a differential equation contains an arbitrary constant. To determine a

unique solution, some conditions need to be described. For example, consider
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The general solutions are y = §x2 + C. By using the initial condition y(0) = 3, we get C' = 3.

This problem is called an initial condition problem.
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2 Separable Differential Equation 7] 7Bl 71

Differential equations in the following form

TAE R 7T
dy  g(z)

dr  h(y)
are called separable.

HE R w0 R

To solve the above equation, we rewrite it as
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Integrate with respect to z,
i x

which determines the function (relation) y about x.
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It is more convenient to denote the equation by
FEAERERELIE RS TR E A
h(y)dy = g(x)dz,

and the name “separable” just means the variables x and y are separated on two sides.
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Example #]+

Solve the differential equation

KEEW TR
dy 223
dv ¢
Then solve the initial value problem
SNSRIV (E R
dy 223
P
y(0) =
Solution. The equation is rewritten as
i W TRERE R
yidy = 223dx.

Integrate both sides,
HIWIBIET

/y2dy = /2x3dx,
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Hence the general solution is
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Substituting the initial condition y(0) = 1 into the general solution yields C' = 3 Thus, the

solution to the initial value problem is
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3 First-Order Linear Differential Equation
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Equations in the following form

NIRRT ;
4 p(a)y = q()

are called first-order linear differential equations.
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d
If p(x) = 0, integrate the equation d—y = q(z) to get

* p(r) =0 #7778 % = q(x) A5

y= / q(x)da.

If p(x) # 0, multiply the equation by some function
5 plr) £ 0+ 5 HERTELIS AR 1 — (o)

d
ud—i + pp(x)y = pq().

This can be done as long as p satisfies
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dp

Iz = = pp(z),

which is a separable equation so that the left-hand side is a derivative of uy, that is,
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dy o d o dy | dp
o+ pp(x)y = %(uy) = po + =y

This can be done as long as pu satisfies
TERE W LN AR LLSERE ;
dp
dx

which is a separable equation whose general solution is given by
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= pp(z),

u_efp da:+C

(2)

(Note: u is called the integrating factor and plays an important role in the general solution of the

original first-order differential equation as shown below. It can be proved that the constant C here

will not affect the final general solution of the original differential equation. Therefore, it is common

to directly set C' = 0 and take p = e/ P(®)d=))
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Returning to (1), we have
[E2) (1) > HAMTE
d —
75 (1) = pa(z)

Hence
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Example #l+

Solve
RN
@ —y= 6350
dx '
Solution. It is a first order linear equation with p(x) = —1 and ¢(x) = €3*. Let
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o= efp(z)dw — e T

(Caution: it should be e=**¢ but we choose C' = 0.)
TR R et HEMW C=0-)
Multiply the equation by u,
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d —x —x 3z 2x
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So
Sy

1
ety = /e%dm = 56295 +C
(Caution: this C' cannot be omitted.)
(R R C ARIEHE )
Hence, the general solution is
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Y= ex(ﬁe% +C).




Further readings
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e Differential Equations self-learning materials on Khan Academy:
Khan Academy R J7#2 H 2K}

https://www.khanacademy.org/math/differential-equations

e Differential Equations self-learning materials on MIT OpenCourseWare:
MIT OpenCourseWare 577 12 H 2471k}
https://ocw.mit.edu/courses/18-03-differential-equations-spring-2010


https://www.khanacademy.org/math/differential-equations
https://ocw.mit.edu/courses/18-03-differential-equations-spring-2010
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