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1. Solve the following separable differential equations.

dy
-7 _4 2,3
(a) I %y
d 241
(b) % - o with y(1) = 3;
dy y—a?
(c) Iy = %€ with y(1) = 0.
Answer:

(a) If y = 0, it is easy to see that the differential equation holds.

If y # 0, we have

1
—dy = —4a%dx
)

By integrating both sides, we have

1
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=4y
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Therefore, the solutions are y = 0 or y = +4/ ———, where C' is a a constant.
8x3 4+ C
(b) From the given differential equation, we have
1
3 Y dy = —dz
y=+1 x

By integrating both sides, we have

Y 1
dy = | —d
/ﬁ+1y /xx




1 2 1
- dy = | =d
/2 21y /xm
1 1 1
- d?) = | =d
2/y2+1(y> /a:x

1
§ln\y2—|—1|zln\x|+0

In(y* + 1) = In(z?) + C

yQ +1= eln(x2)+C

y==+veCr? -1

Using the given condition y(1) = 3, we have
9=e’—-1=¢e%=10

Therefore, the solution is

y=+V10x% — 1.

(c¢) From the given differential equation, we have

e Ydy = ze ™ dx

/e_ydy = /xe_a”gdx
/—e_ydy: /—xe‘xde
_ 1 2
/—e Ydy = 5/(—21‘)6 “dx
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1
V=" C
e 26 +

By integrating both sides,

Since y(1) = 0, we have e =

Hence, we have

2. Solve the first-order linear differential equation
v +y=ze "+ 1.
Answer: The integrating factor is u(x) = e/ 1% = ¢*. Therefore, we have
(Y +y) =e"(ze " +1)
(e"y) =z +¢e”

2



2
x
ewy:§+ex+0

72
Yy = Eeﬂj +1+Ce™

3. (Bonus) Consider the first-order linear differential equation

P(z)y + Q(z)y =0,

where P(x), Q(z) are given functions. Prove that if y;(x) and y,(z) are two solutions to the

above equation, then for any constants ¢; and ¢y, the function

y(a) = ey (x) + caga()

is also a solution.

Answer: Substituting y = ¢1y1(x) + coy2(x) into the equation, we have

P(z)y' + Q(z)y

= P(z)(c1y1 + cay2) + Q(z)(cayr + c2y)

= P(z)(c1y) + cauh) + Q) (cryn + capa)

= c1(P(z)y; + Q(x)y1) + ca(P(2)ys + Q(2)y2)
0

Therefore, y = c1y1(x) + cay2(z) is also a solution.
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e Ydy = ze ™ dx
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3. (PEEGE) ZE PG 72
P(z)y + Q(z)y =0,

Hr P(r) ~ Q(z) BEFIERE - 3 : & y1(z) 1 yo() & LG EROM M - A EERTE
B ey F ey 0 BRER
y(r) = c1yi(x) + caya(w)

S

e o

LRy =cy(@) + copl(x) FRATRE » TFE

I

P(x)y' + Q(z)y

= P(z)(c1t1 + coy2)’ + Q(x)(crys + cay2)

= P(z)(c1y; + cayh) + Q) (c1yr + cay2)
1(P()yy + Q)yr) + c2(P(2)ys + Q(2)y2)

KL >y = ey (2) + coya() TREHE ©



