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Background H &

Probability and statistics are frequently used in mathematical modelling for:

ORI

e Modelling events with randomness

H BARERME R R TR

e Analyzing the correlation between factors
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Here, we cover some basic concepts of probability and statistics.
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1 Probability %

Probability gives a numerical measure for the degree of uncertainty or the occurrence of an event.
MR EHAHEEENFERE TR —MSEEE -

If there are n total possible outcomes in a sample space S, and m of those are favorable for an event
A, then the probability of event A is given as
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P(4) number of favorable outcomes n(A) _m

" total number of possible outcomes  n(S) n




Example #]+

Find the probability of getting a 3 or 5 when throwing a die.
SR —REE 0 3 B 5 AU -

Solution. Sample space S = {1,2,3,4,5,6} and event A = {3,5}.
n(A) 1
We h A)=2 = 0. P(A) = —=~ = —.
e have n(A) and n(S) = 6. So, P(A) n(S) ~ 3

fif: BEARZER S = {1,2,3,4,5,6} » B A :({3),5} o
. n(A 1
HME n(Ad) =2 n(S)=6° HIt P(A) = ceht o

2 Set Notation 4158

2.1 Complement #f%

The complement of event A is the set of all outcomes in a sample that are not included in the event

A. The complement of event A is denoted by A’.
EiF A BB ERAT IO SEREMS A ARPTERRITHBIES - FF A RS S A -

2.2 Intersection A%

The event A N B is the intersection of the events A and B and consists of outcomes that are

contained within both events A and B.

B AN B EEM A B B RS - HFEFRFESREF A MEL B FHGER AT -

2.3 Mutually Exclusive B.JF

Two events are said to be mutually exclusive if AN B = (.

HANB =0 AW EHFESF -

2.4 Union £

The event AU B is the union of events A and B and consists of the outcomes that are contained

within at least one of the events A and B.

B AuB 25 A 8 B B - EENEN A S B (BWE ) FHIGRATEA -

2.5 (Theorem) Distributive Laws 4);Arf
AU(BNC)=(AUB)N(AUCQ)

and
AN(BUC)=(ANB)U(ANC)



2.6 (Theorem) De Morgan’s Law i EEMRTEH]
(AnB) =AUB
(AuB) =A'nB

3 Law of probability B {EHI

3.1 Axioms of Probability #fZ/\

For an experiment with sample space S = {ej, €2, - - , €, }, we can assign probability P(e;), P(es), -, P(ey)

provided that
HIRAZH S = {er, €2, -+, e} HIEEE » TR THEZE P(ey), Plea), -, Ple,) » BiliR2E

2. P(e1)+ P(ex) + -+ Ple,) = 1.

3.2 (Theorem) Complement Rule B 7%:H]

P(A)) = 1 — P(A)

3.3 (Theorem) Addition Law JN¥EEH

If A and B are two different events then
# A B RWAEARREA: - B

P(AUB)=P(A)+ P(B) - P(ANDB)

4 Counting rules 5 87%HI

4.1 (Theorem) Permutations HE%

The number of permutations of n distinct objects taken r at a time is

7€ n EFEY I - EHE RS

4.2 (Theorem) Combinations 21 &

The number of distinct subsets or combinations of size r that can be selected from n distinct objects,
(r <n), is given by

7€ n EHEEDGHREOU NS ¢ (r <n) BIARFFEESEEWEE S
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5 Conditional probability and independence
R A 2 B ST

5.1 Conditional Probability f&{4-Hf%

The conditional probability of event A given B is
E AR E B MHIBRAEERS

P(ANB)

PUAIB) = 55

for P(B) >0

5.2 Independence %3 1%

The events A and B are called independent if
ik A B B BB
P(ANB)= P(A)P(B)

5.3 Partition 43|

Events By, By, - - - , By are said to be a partition of the sample space S' if the following two conditions

are satisfied.

S By, By, , By BRBAZR S H—E58) - 22 LT AR -
1. B; N B; = for each pair i, j

5.4 (Theorem) Bayes Rule H[GEH

If By, Bs, -+, By form a partition of the sample space S such that P(B;) # 0 for i = 1,2,--- , k, then
for any event A of S,

# B, By, -, B, EEEAZHE S —f2#E » B i=1,2,--- kA P(B;) # 0 Q¥ S FAE
BEMH A

k k

P(A) =Y P(B;NA) =) P(B)P(A|B)

i=1 i=1
Subsequently;,
HET -
P(B;)P(A|B;)
P(A)

P(B;|A) =



6 Discrete probability distributions B2 55 i

6.1 Random Variable BEi% % &

A random variable (RV) is a number associated with each outcome of some random experiment.
A random variable X is said to be discrete if it can take on only a finite or countable number of
possible values x.

PEMR R R (RV)2 R iaABRn (A A5 RAHBI B0 — e - AFEREE X HEEHUE RIE AT
BUETREME « - AR X RBERCPERE & -

Example #i+

Toss two coins and record the number of heads: 0,1 or 2. Then, the following outcomes can be

observed.

B P MO o S R Bk AE T RO < 0,1 3K 2  RRTERZR B LU R &6

Outcome TT | HT | TH | HH
Number of heads | 0 1 1 2

The random variables will be denoted by capital letters X, Y, Z,-- -, and the lowercase x will represent
a particular value of X. For the above example, x = 2 if heads comes up twice. Now, we want to
look at the probabilities of the outcomes. For the probability that the random variable X has the
value x, we write P(X = x), or just p(x).

EREEFURBEFE XY, Z,-- Bro /NE o AR X WEERFEE - £ LilfFd o &
EEHIEMIK Bl o =2 BAE » WMHEFREROER - FEREE X BUE « IEERE 5
P(X =uz)» 8z A p(x) °

For the coin flipping random variable X, we can make the table:

B L A RER S B X > FFI RIS H T

S
B O

= DN

N= | =

p(x)

The table represents the probability distribution of the random variable X.
ZRFETHERER X IR -

6.2 Probability Mass Function #% 5 & B

The function px(z) or simply p(z) is called probability mass function (PMF) of X if it satisfies:
B px () B R p(o) BR X IBIREREE (PMF) » HERE

1. P(X =x)=px(z) >0
2. > . P(X =x) =1, where the sum is over all possible x
>, P(X =x) =1 HARMESFranlGeR) o #ATH



Example #l+

A shipment of 8 computers contains 3 that are defective. If a school makes a random purchase
of 2 of these computers, find the PMF for the number of defectives.

—it 8 WPERME A 3 WA o & —FrEhErREE R B 2 AN - RETEMBERER
BEKE (PMF) °

Solution. Let X be a random variable whose values = are the possible numbers of de-
fective computers purchased by the school. Then x must be 0,1 or 2. For each case, we have
i X RbEtkEE > HE o« HEREESEREREE - B 2 WER 0,1 502 ¥
HFHEEN > JMF

(G 28
PX=1)= (:1))()2()?) _ ;_2
P(X=2) = 3()2()3) 2

Thus, the PMF of X is given by
Rtk » X AOERE B

10 15 3
p(z) 28 | 28 | 28

6.3 Cumulative Distribution Function Zf& 9 #hEKHEL

The cumulative distribution function (CDF) F(x) for a random variable X is defined as

FEMRE R X NEBEI RS (CDF) F(r) E&EA

If X is discrete,
X AEBERey > /]

where p(x) is the probability mass function.

He p(e) HEREERH -



Example #l+

Find the CDF of the random variable in the last example.
Sk _E A FrEE AR B R R BE i N EL (CDF) o

Solution. The CDF of the random variable X is:
fi# - EME R X WEBEDHEKRE (CDF) & :
F(0) = p(0) = 33
F(1)=p(0) +p(1) =55 + 35 = 5

F(2) =p(0) +p(1) +p(2) = 36 + 53¢ + 55 = 1
Hence,

K -

0 forz<O

é—g for0<z <1
F(z) =«

25
o forl1 <z <2

1 forax>2

6.4 Expected Value ¥1¥1H

The mean or expected value of a discrete random variable X with probability mass function p(x)
is given by
AR ERBENE p(x)) HIBERPERE E X (P EEEIEE S

=> ap(x)

6.5 Variance 7=

The variance of a random variable X with expected value p is given by

WA A 0 AR XN
V(X) = 02 = E(X — p)? = E(X?) — 22

where

Hrf

= a’p(x)

6.6 Standard Deviation fEHEZ

The standard deviation of a random variable X is the square root of the variance, and is given by

B R X ORI R 20T AR o B
0 =/V(X) = VEX — p)*




Remark. The mean describes the center of the probability distribution, while the standard deviation

describes the spread.

R - EREER MR L - TRE AR -

Example #]+

The number of fire emergencies at a rural county in a week has the following distribution

SRR 5 — BN A O BRI U0 A

Find E(X), V(X) and o.
KEX)~V(X) Moo

Solution. By definition, we see that
i RIRER > "5
E(X) = 0(0.52) + 1(0.28) + 2(0.14) + 3(0.04) 4+ 4(0.02) = 0.76 = p

E(X?) = 0%(0.52) + 1%(0.28) + 2%(0.14) + 32(0.04) + 4%(0.02) = 1.52
V(X) = 1.52 — (0.76)* = 0.9424
o =+v0.9424 =~ 0.9708




7 Continuous probability distributions
JELE MR o7

All of the random variables discussed previously were discrete, meaning they can take only a finite
(or, at most, countable) number of values. However, many of the random variables seen in practice
have more than a countable collection of possible values. For example, the metal content of ore
samples may run from 0.10 to 0.80. Such random variables can take any value in an interval of real
numbers. Since the random variables of this type have a continuum of possible values, they are called
continuous random variables.

Il T & df B BT FE A A R - BB A REBCABRE (EiEZ /T8 ) & - R > 3F 2 E
R B ] b A 8 B A R R T B A AT BEAE o A > BRAERARRY & B & BT HEAE 0.10 ] 0.80 Z
[ o B AERE A & AT DU SR P AETE - N ERERER S B A B E 28 FTREME B MTHE

7.1 Probability Density Function %% 5 i #(

The function f(z) is a probability density function (PDF) for the continuous random variable

X, defined over the set of real numbers, if

KL f(2) REFRMAEHME AEENERE R X IR EEEE (PDF) > Himg
1. f(z) > 0 for all z,
2. [ f(a)de =1, and
3. Pla<z<b)=[’f(x)de.

Remark. What does this actually mean? Since continuous probability functions are defined for an
infinite number of points, the probability at a single point is always zero! Probabilities are measured
over intervals, not single points. That is, the area under the curve between two distinct points defines
the probability for that interval. This means that the height of the probability function can in fact
be greater than one. The property that the integral must equal one is equivalent to the property for
discrete distributions that the sum of all the probabilities must equal one.

O SERERMM ? AR EEM RN B R ER SR - BB R EEE |
RETEEME FMARER FEER o tptEd - AR TMEZHEEER T ZIEMIEE - B8
DR R B B ERR B AT LR — o R 00 ZH 55 TR — R 1 B S5 (B R i e o011 o A M 2
WIRFR—HIEE -

7.2 Cumulative Distribution Function ZF&7 k8

The cumulative distribution function (CDF) F(z) of a continuous random variable X, with

density function f(x), is



TEEES f(r) WEBDHERE (CDF) F(x) WEERERER X &

F(x):P(XSx):/m f(z)dz

—0o0

Remark. As an immediate consequence of the above equation, one can write these two results:

R - (R bl SS sy B - w] DUS2I LUN i R4S
1. Pla<x<b)=F(b)— F(a).

2. f(z) = F'(x), if the derivative exists.
fla) = F'(x) » HSRIFAE
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Further readings &3

e Probability and Statistics self-learning materials on Khan Academy:
Khan Academyf IR 4T H 2418
https://www.khanacademy.org/math/statistics-probability

e Probability and Statistics self-learning materials on MIT OpenCourseWare:
MIT OpenCourseWare PR BL4T 5T H 241K

https://ocw.mit.edu/courses/18-05-introduction-to-probability-and-statistics-spring-2022/
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https://www.khanacademy.org/math/statistics-probability
https://ocw.mit.edu/courses/18-05-introduction-to-probability-and-statistics-spring-2022/

	Probability 概率
	Set Notation 集合記號
	Complement 餘集
	Intersection 交集
	Mutually Exclusive 互斥
	Union 聯集
	(Theorem) Distributive Laws 分配律
	(Theorem) De Morgan's Law 笛摩根法則

	Law of probability 概率法則
	Axioms of Probability 概率公理
	(Theorem) Complement Rule 餘集法則
	(Theorem) Addition Law 加法法則

	Counting rules 計數法則
	(Theorem) Permutations 排列
	(Theorem) Combinations 組合

	Conditional probability and independence條件概率與獨立性
	Conditional Probability 條件概率
	Independence 獨立性
	Partition 分割
	(Theorem) Bayes Rule 貝氏定理

	Discrete probability distributions 離散概率分佈
	Random Variable 隨機變量
	Probability Mass Function 概率質量函數
	Cumulative Distribution Function 累積分佈函數
	Expected Value 期望值
	Variance 方差
	Standard Deviation 標準差

	Continuous probability distributions 連續概率分佈
	Probability Density Function 概率密度函數
	Cumulative Distribution Function 累積分佈函數


