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Recall: Mathematical Modelling is ... ByE2EfEFE ...

Mathematical Modelling Process
5 Steps of Mathematical Madelling
B AT

Understanding a real-world R 5
problem using mathematics '

- N Real-world problem &1t FL 5
1B T R E TSR

l 1. Analyzing the real-world Problem 434 R Bt FL &

l 2. Formulating the Mathematical Model 217 BRI

Mathematical model B E2fEir]

|
X, \+ b
= Y. 1471
21+21(

3. Solving the Mathematical Model 3K 2B E{ERY

Mathematical solution #ESFEHI ) fig

4. Interpreting the Mathematical Solution fEFE B EFEAIAAE

Y

Real-world Solution FE & {H LAY fE

5. Evaluating the Mathematical Model FF{LE B E2 R




Recall: What Mathematical Concepts may be involved in

Mathematical Modelling? S22 i f ey

PR EEER 2

R 2

o Short answer: Everything is possible! 5555 Z

o Algebra f{E]

Solving equations fi# 512
« Modelling with functions {5 F ph & 1
o Geometry £4{a]

Geometric measurements £&{af H &
Deductive geometry JiE 4= 44 n]
Coordinate geometry &2 44 fa]
« Trigonometry =k
o Probability and statistics 3R Ei4GET
Randomness [ig/4:
« Statistical analysis 4514747
o More advanced techniques B #f&HyF TS

Calculus {#f&5y
Optimization 5{&{t

~

- —VIEHEARE |




Mathematical and IT tools for modelling

° |T tools for math modelling
https://www.math.cuhk.edu.hk/app/mathmodel/tool.ntml

° RShmy tools:
Linear Regression R A
Nonlinear Regression for XY data XY R4 il
Nonlinear Regression for time data B[] 8 IR 45 4 20 65
General Fitting for XY data XYHIE—IHES
Multi-Regression 2 TLAR MR A0 e

°* More advanced tools:
* Python, R, C/C++, MATLAB, Mathematica, ...


https://www.math.cuhk.edu.hk/app/mathmodel/tool.html

Advanced linear algebra and linear programming

o Topics:
« Vectors and matrices [a] & F14E[H#
« Solving systems of equations K& FFE4H
« Least squares and weighted least squares &;/NE AR G/ N 774
» Regularized regression IF Bl L5
« Eigenvalues and eigenvectors fF%‘u?&ﬁ%WF%‘uMﬁ =
« Graphs and graph algorithms [& 3 & [&5%
o Linear programming &5/}4:3H £
« Integer programming® i &
* Network flow problem#4&E& ;7 iR

o Goal:
« Understand the principle of equation solving and regression methods
« Explore other usages of linear algebra and linear programming in math modelling
« Utilize IT tools (Python) to perform linear algebra and linear programming tasks



Why do we need vectors and matrices?

° A major task in linear algebra: Solving systems of equations

=9 (x+3y =7

Z2x+y=+4

Applications:

* Prices of different products
* Mixture of chemicals

* eftc.



Why do we need vectors and matrices?

° A major task in linear algebra: Solving systems of equations

e.g. rx+3y:7
Z2x+y=+4

How to solve it?

x+3y=7 ) 2 x (1) = (2):

< _ 2x+6y)—2x+y)=14—-14
Z2x+y=4 (2) 5y = 10

y =2
x=7—-3%x2=1




Why do we need vectors and matrices?

° A major task in linear algebra: Solving systems of equations
e.g.
° x+2y+3z=6
2x — 3y + 2z = 14
3Ix+y—z=-—2




Why do we need vectors and matrices?

° A major task in linear algebra: Solving systems of equations
e.g.
° x+2y+3z=6
2x — 3y + 2z = 14
3Ix+y—z=-—2

Eliminate the variables step by step (still manageable... )
x+2y+3z=6 x+2y+3z=6 x =1

—7y —4z =2 = y+2z=4 = Yy = —2
—5y — 10z = =20 10z = 30 7 = 3



Why do we need vectors and matrices?

° More generally, we need some better representations and better
solving methods for systems of linear equations!

. B x+2y+3z=6
Xty = 2x — 3y + 2z = 14
EX Ty = 3Ix+y—z=-2

/ N\ 4

1) ) Esz) ()

Coefficients Variables Coefficients Variables

° This motivates us to consider vectors and matrices
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Vector

° Definition Examples:
()
(a1 az -+ ay) 022 (1 S)a (2 —1 0 10 7.5)
o) [ 3
Column 1 —1
Row vector Cector (3) | )
\—1.59)

o Additions and scalar multiplications
U—+v= (a1+bl,a2+b2,--- ,an+bn) (33_230)—'_(_17174) — (27_174)
cu = (cay,cag, - ,cay) —5(1,—2,0) = (—5,10,0)



Matrix

° Definition

(an aig - Cl1n\
a21 Q22 -+ A2n
\aml Amo - amn)

o Additions and
scalar multiplications

(A+ B)ij = Aij + By
(CA)ij — CA?;j

Examples:
(2 7)
()G e



Matrix multiplication

(

We can perform matrix (or vector)

multiplications

A: m X n matrix
B: n X p matrix

(

AB (the product): m X p matrix with

1 2 1
0 4 —1

Example:

(]

(AB);; = AnB1j + ApBoj + -+ A B, = Z A Bi;
k=1

g

1-442-2+1-5
0-4+4-2+(-1)-5

Just another way to represent the systems of equations!

=

1
2

D)6)=Gors
1)\Y) \2x+y

)

|

x+3y=7

2x +y

=4

1
2

) ()=

)

(4

13
3

)
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More on matrices

° |dentity matrix ° Transpose

e JA = A = Al e AT: nxm
o (1 0 0) RN (1 0)
\O 0 1) \3 _1/



Determinants

° 2 X 2 case:

If A = (Ccl Z) the determinant is Eo the mtrices A — (1 2) N (3 2))
3 4 6 4
det(A) = ad — bc det(A)=1-4—-2-3=-2

. Sometimes also denoted as [4] det(B)=3:-4—2-6=0



Determinants

° General n X n case:

Notation of 4;;:

2 3
5 6
8 9

o) G
o

Let

det(A) = Zn:(—l)HjAlj - det(Ay;)

j=1

1 3 -3
A — —3 —5 2 - ngg(R).
—4 4 -6

Using cofactor expansion along the first row of A, we obtain

det(A) = (—1)1+1A11 : det(fln) + (—1)1+2A12 . det(lelz) + (—1)1+3A13 . det(/ilg)

, —5 2 s qop [ 2 2 PR
= (-1) <1>-det(4 _6)+<1> (3) dt(_4 _6)+< 1)'(-3) dt(

= 1(22) — 3(26) — 3(—32)
= 40.



Matrix inverse

° |fdet(A) # 0, then we can always find a matrix B such that
AB = BA =1
 |n this case, A is said to be invertible
B is called the matrix inverse of 4
(also denoted as A7 1)

o 2 X 2 case: A(“’ b)
c d

41 1 d —b
Cad—be \ - ¢

° General case: hard to calculate by hand

. 5 T\ .
The inverse of 1S
2 3




Doing basic matrix operations in Python

° We can use computers to help us with computations involving vectors
and matrices

° See Python notebook

https://colab.research.google.com/github/CUHKMathModel/Python/blob

/main/Basic Operation of Matrices.ipynb

18


https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Basic_Operation_of_Matrices.ipynb
https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Basic_Operation_of_Matrices.ipynb

Eigenvalues and eigenvectors

° (e-book Ch. 6) https://www.math.cuhk.edu.hk/~mathcal/MM/MMLA/

o Definition:
Let A be an n X n matrix. A number A is said to be an
eigenvalue of A if there exists a nonzero vector x such that
Ax = Ax

x IS said to be an eigenvector of A associated with the
eigenvalue A

19


https://www.math.cuhk.edu.hk/~mathcal/MM/MMLA/

Eigenvalues and eigenvectors

° Finding eigenvalues and eigenvectors: Find the roots of the

characteristic polynomial
det(A— A1) =0

° Application to matrix diagonalization: We can have
A=pPDp !
where
D is a diagonal matrix containing the eigenvalues

P is a matrix with columns being the corresponding eigenvectors
Easy to calculate A™

o Computation using Python:
https://colab.research.google.com/github/CUHKMathModel/Python/blob
/main/Eigenvalue and Eigenvector.ipynb

20



https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Eigenvalue_and_Eigenvector.ipynb
https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Eigenvalue_and_Eigenvector.ipynb

Vector and matrix norm

e Vector norm:

 (Euclidean norm) |x|| = /27 + a5+ -+ 22

1
* (p-norm) Ix[l, = (1" + [22)” + - - - + [a]7)7

If x =(1,3,1), we have ||X|| =12+ 32+ 12 =+/11.

For the vector x = (2, — HX||3 Y1213+ | =32 = v/35.
o Matrix norm: HAH = HrnHa,X HAxH
x||=1

o Calculating vector and matrix norms in Python: See Python notebook

https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Matrix
~Norm.ipynb

21


https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Matrix_Norm.ipynb
https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Matrix_Norm.ipynb

S

(Recall) Evaluating the accuracy #EREMEIEHME 7725

° Coefficient of determination {48 (R?):  R2=1-_—

* RSS is the residual sum of squares RSS E/E7 - 5 (1:

RSS = 2()’1’ — 32 =1 =91+ 2 = 92)° + o+ (g — Pn)?
=1
with y; being the predicted value based on the chosen model

H y; m A AT AR R AN E

« TSS is the total sum of squares TSS Z4% 1~ 5 #(1:

TSS = Z()’i =N = =¥+ Q=P+ —P)?

i=1
=2 = (X1 yi) = Y1727 n heing the mean of the given data

= Ly = 20 e g s




(Recall) Evaluating the accuracy $EREE AR

S

& 772

® Mean squared error 5 5iR%= (MSE) :

_ 0 Z(yl Vi)’

» Value can be from 0 to o ‘%METU?% 0 @J
« Easy to compute Z i EtHE

o Root mean squared error 5 5fEER% (RMSE):

RMSE = E(yl 7.2

« Value can be from 0 to o %ﬁzﬁ_ﬂp% 0 £l o0
« With the square root, the error is in the same units as the original data
(hence more intuitive, but relatively hard to compute)

A B

CTRTR >

a7 Y BRI B Fa BB AH ] (NG E > (EAH S DGR

23



S

(Recall) Evaluating the accuracy ZEREERVE
* Mean absolute error Y25 ¥%ER7= (MAE):

n
1
MAEz—Z: 9,
" 1Iyl il
1=

« Here, |x| is the absolute value (48%HH) of x: |x| = { xifx =0

—xifx <0
« Value can be from 0 to oo #{E 1 DL 5 0 I oo
« The erroris in the same units as the original data &7y 57 B [H 48 4H (5]

(EWARZS

® Mean absolute percentage error J2548% H 5 EEERZ= (MAPE)

n
1 0
MAPE — _2 Yi — Vi
ned) Vi
« Value can be from 0% to 100%, hence giving an intuitive interpretation in terms of

relative error B({H rJ LI 0% £1] 100% - RELAEAH ¥R 72 T e Ot ERRRTAERE

» But small or close-to-zero values of some y; may disproportionately affect the MAPE

score {HX:LL y; AVEIR/ NSRRI ERy - rlRe e AR LG22 MAPE {H

X 100%

24



Computation in Python
° Calculation of R? in Python:

Basic commands (using the Scikit-learn library in Python):

1/ >>> from sklearn.metrics import r2_score

2| >>> y_actual = [3, -0.5, 2, 7]

3/ >>> y_predict = [2.5, 0.0, 2, 8] # by your model
4/ >>> r2_score(y_actual, y_predict)

500.948 ...

More examples:

1 >>> y_actual = [1, 2, 3]

2| >>> y_predict = [1, 2, 3] # a perfect fit
30 >>> r2_score(y_actual, y_predict)

4.1.0

5/ >>> y_actual = [1, 2, 3]

6| >>> y_predict = [2, 2, 2] # baseline model
7/ >>> r2_score(y_actual, y_predict)

0.0

9/ >>> y_actual = [1, 2, 3]

10| >>> y_predict = [3, 2, 1] # fits worse than baseline
11| >>> r2_score(y_actual, y_predict)

12/ -3.0

o B w N —

w [y =

3

Calculation of MSE/MAE/RMSE in
Python:

MSE:

>>> from sklearn.metrics import mean_squared_error
>>> y_actual = [3, -0.5, 2, 7]

>>> y_predict = [2.5, 0.0, 2, 8] # by your model
>>> mean_squared_error(y_actual, y_predict)

0.375

MAE:

>>> from sklearn.metrics import mean_absolute_error
>>> mean_absolute_error(y_actual, y_predict)
0.5

RMSE:

>>> from sklearn.metrics import

root_mean_squared_error
>>> root_mean_squared_error (y_actual, y_predict)
0.612...

25



Least-squares

o Recall linear regression: Best-fit straight line

The "best-fit” straight line is defined as the line e EREE AR -
y = a + bx that minimizes the residual sum of - Y =20lx+313 . or
squares RSS, where \ o

Bt & AT 3 By IMEFEZEE 0 RSSHY
H4E y=a+bx » Hr
RSS = (y; = (a+bxy))" + (v, — (a+bxy))’

+ (y3 — (a + bxg))2 + -+ (yn — (a + bxn))2

o (x1,v1), (x2,¥5), ..., (x, y,) are the given data
points J&45 & BV B AL

I x %!

o Equivalently, we want to find the least-squares |1 * H _ |

solution to the following matrix equation (i.e., Lt [b Z
minimizing ||M () — y||2): ox] Y]




Least-squares
o Note that finding the least-squares solution to Ax = b is equivalent to solving the

normal equation ATAx = A"b. T o
1 1
1
o Therefore, we have [Z] = (MTM)*MTy|  where M= | 2| and y = 72
1 xp]  Vn |

o Similarly, for multiple regression problem,

« The function has the form Y = f(x1,x2,...,x4) = a0 + a1x1 + az2x2 + - - - + agXxy-

n n
L 12 2
+ We want to minimize RSS =) (yvi—9)> = (vi—a0 — a1xi1 — axXi2 — -+ — 34X d)
i=1 i=1
1 x11 x12 --- X14]| |ao] i [ a0 |
1 X1 xp2 ... Xp4]| |31 y2 a1
) ’ ’ — . . _ (MTM)_]_MTy

_]- Xnl Xn2 ... Xpd dd Yn | 9d_

P L - L -




Weighted least-squares

o In the regression models we considered previously, we usually treat all data points
“‘equally”. What if we know that there are some data points that are more reliable or
less reliable?

* |n this case, we can make use of such additional information and consider weighted
least-squares.

o Consider the following matrix formulation with a weight matrix

w1
W2

WMc = Wy, where W =

°* This corresponds to the weighted residual sum of squares

n

Z Wi2(yi — )7!')2

i=1




Weighted least-squares

o The least-squares solution will be given by the weighted normal equations:

c = ((wm)T(wm)) " (wm)T(wy) =

® Example: Consider 10 data points:

(MTW2M)"TMT w2y

(xi, vi) = (1,5.89), (2,1.92), (3,2.59), (4,4.41), (5,4.49),
(6,6.22), (7,7.74), (8,7.07), (9,9.05), (10,5.7)

Setting w; = 1 for all points
yields the usual linear regression
result.

If we know that the first and last
points are less reliable, we can
set wy, wig = 1/4 and
Wo,...,wg =1 and get a
weighted least-squares result.

10 ———

g9} | ¢ Data points

gl ---LS

21 —Weighted LS

] >
> 5

4+

3_

2-

1-

0

1 2 3 4 5 6 7 8 9 10
X

29



Least-squares and weighted least-squares

° For more details, see e-book Ch. 8.2, 9.4:
https://www.math.cuhk.edu.hk/~mathcal/MM/MMLA/

o Computation: See Python notebook
https://colab.research.google.com/github/CUHKMathModel/Python/blob

/main/Ordinary Least Square.ipynb

e Some example commands for solving Mv = y in the least-squares
sense:
v =numpy. linalg .inviM.T@ M) @ M.T@ vy
* v = numpy. linalg .Istsq(M,y)[0]

30


https://www.math.cuhk.edu.hk/~mathcal/MM/MMLA/
https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Ordinary_Least_Square.ipynb
https://colab.research.google.com/github/CUHKMathModel/Python/blob/main/Ordinary_Least_Square.ipynb

Regularized regression

o Problem: Sometimes the trained model may overfit the data.

Regularization:
* Try to prevent overfitting by adding penalty terms to the original cost function

« (Goal: Discourage complex models

o Consider an overdetermined system Ax = b.
Ordinary least squares (OLS) seeks to minimize RSS = ||Ax — b||°

o Tikhonov regularization:
To give preference to a solution with some desirable properties, we
can consider including a regularization term in this minimization:

| Ax — b||* + [[Tx]7

for some suitably chosen Tikhonov matrix I'.



Ridge regression
o Note that we can rewrite

| Ax = b||* + |x||* = || Ax — b3

[ 0

to the new problem is

—— N —1 —1
X — (ATA) ATh = (ATA+rTr) ATh

where A = [A] and b = [b] Therefore, the least-squares solution

o Ridge regression (also known as L; regularization): |[ = ¢/

N

In other words, the new cost function is |[Mc — y||* + o?||c

. . -1
and the least-squares solution is |c = (MTM—I—a21) MTy




Ridge regression

® Remarks:

» Ridge regression gives preference to coefficients ¢ with smaller
norm because of the +a?||c||? term

» Hence, less complex model
» Larger a = More regularized
» Smaller a = Fit the training data more

e How to choose a suitable regularization parameter o?
A possible method is to use cross-validation:

» Consider a certain range of « values

» Perform cross-validation and compute the cross-validation
error for each «

» Select the value that yields the best average performance

33



Ridge regression

o Example: Consider

» Training set: (60,110), (61,120), (65,180), (66,160),

(68, 170), (70, 225), (73,215), (75, 235)
» Test set: (64,140), (72,200), (74,220)

® Ordinary least-squares linear model:
» y = —379.75 + 8.28x
» MSE on test set = 174.68

® Linear model with ridge regression
(. =0.1):
» v = —-309.24 4 7.23x
» MSE on test set = 120.43

250

® Training
® Test
----- Ordinary LS

| |——Ridge (a = 0.1)

65

70

75

34



LASSO (L, regularization)

® LASSO (Least Absolute Shrinkage and Selection Operator)

(also known as L; regularization):
» Similar to ridge regression
I

» Replace the regularization term || - ||< with Li-norm: || - |1

@ |n other words, the new cost function is

|Mc —y||* + o c[lx

@ Features:

» More difficult to optimize; no simple closed form using the
matrix inverse

» More evenly distributed magnitudes

» Biases toward sparser solutions (simpler to understand and
more efficient to use)!

35



Computation of regularized regression

° Ridge regression in Python:

(-

>>> from sklearn.linear_model import Ridge
>>> ridgeReg = Ridge(alpha=10) # Can be other values
>>> ridgeReg.fit(X_train,y_train)

w N

o LASSO regression in Python:

(-

>>> from sklearn.linear_model import Lasso
>>> lasso = Lasso(alpha=10) # Can be other values
3l >>> lasso.fit(X_train,y_train)

N

36



Mathematical Modelling @ CUHK Mathematics:
https://www.math.cuhk.edu.hk/app/mathmodel

Contact:
CUHK Mathematical Modelling Project Team
mathmodel@math.cuhk.edu.hk

Thank you!
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