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Last time: Advanced linear algebra and linear programming

PSSR IR R SR R &

° Topics:
* Linear Algebra Review, Least-Squares Problems, and Regularized
Regression 4@ MBS ~ f/NF 74 R RE B E R b2 R
« Eigenvalues and elgenvectors FHEUEAIEHE R &
« Graph theory and graph algorithms [E|zmflE =)
« Linear programming 27? AR =
 Integer programming EH3HE]

« Network flow problem &7t [ &

° Theory + computation (Python)
Hgm + Python 5t 5H




Today: Calculus, optimization, and differential equations
Wi 7T ~ BB b T iR

o Differentiation {4y

o Integration f&4%7

° Optimization 57{&1{E

° Differential equations %97 H &

° Systems of differential equations {77 75 240

o Goal:
« Understanding the principle of optimization and differential equations
BB LB G oy T AR A R
« Ultilizing IT tools (Python) to solve optimization and differential equation problems
{4 Python T EKEEA LB T2 A
« Modelling using optimization and differential equations
SN B LB oy TR i T E PR AR



Differentiation 7477

o Derivative: rate of change of a function y = f(x)

R By = f(x) BIE{ER

N SR R (),
dx y h—-0 h
e.g. Fory = f(x) = x%, we have
dy  (x+h)?—x*  x?+4+2xh+ h*—x*
— = lim = lim = lim(2x + h) = 2x
dx h—0 h h—0 h h—0

° Applications Ji&

* Modelling changes PR
* Finding maximum or minimum

RGN FONIEE A S AN




Differentiation rules and results 747 AR k7 4558

Derivatives of common functions & B pREHyEE]:

d
. — —
(const) = 0 4
ax + ——(sinx) = cosx

d _
+ —x%=ax" 1 g |
x . E(cos x) = —sinx
d X — X
+ —er=e 4 , "
. a(tanx) =sec x =

cos? x

d 1
° EIH(X) == forx >0



Differentiation rules and results 747 AR k7 4558

Differentiation rules {47 £HI:

d du dv
o E(U‘FU)—E‘FE
d du
* E(kll)— E
d dv
E(uv)—av+ua

(product rule sef& ARl

d (u) _uv-uv’
dx \v/) V2

(quotient rule p&;£H])

. Gy _dy du o RN
—~ =~ . —— (chain rule §#i§7:1)

(x? +x)’ =2x+1
(3x2)’ — 3(x2)’ = 6x

(xsinx)’ = x"sinx + x(sin x)’
= sinx + x cosx

sin x\' _ x?cosx—2xsinx
x2 - x4
_ d(sinu) du
(sin(cosx))’ = +—— (letu = cosx)
du dx

= cosu - (—sinx)
= cos(cosx) - (— sin x)
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Integration 547

° Integration: Finding an antiderivative of a function f&43 : K ¥ B L

o Examples:
e F(x) =x%>= F'(x) = 2x, and hence x? is an antiderivative of 2x
e G(x)=x+sinx+3=>G"(x) =1+ cosx,
and hence x + sin x + 3 is an antiderivative of 1 4+ cos x

o Remark: Antiderivatives are not unique! ¥ & : & E KOG JEE—HY |
eg.forF(x) =x?*+1and G(x) =x*+ 3, F'(x) = 2x = G'(x)

o We usually write the integral as (/@ EtE 0 B2 L M=
ff(x)dx =F(x)+C

where C is a constant E.tt ¢ BfFZ 8 -




Integration rules and results f&5 4775l 45 5

Integrals of common functions & 5. K&EITEST :

¢ [0dx=C
* [cosxdx =sinx+C

¢ [ax®1=x%+C
 [—sinxdx =cosx+C

c [e*=e*+C
* [sec®xdx=tan’x+C

. f%dlenx+€ forx >0



Integration rules and results f&5 4775l 45 5

Integration rules 1§43 :H:
¢ [(u+v)dx = fudx+ [vdx

o [(ku(x))dx = k [ u(x) dx

’ ff(g(x))g’(x) dx = | f(w)du
where u = g(x)
(integration by substitution

HATTIR7772)

o fudv:uv—fvdu
(integration by parts 43 Zf&E4574)

[@x+Ddx=x*+x+C
3
fozdx=2fx2dx=2%+C

[ sin(cos x) sin x dx
= — [ sin(cos x) d(cos x)
= — [sin(u) du (letu = cosx)
=cosu+ C = cos(cosx) +C

[tcost dt
= [t d(sint)
=tsint — [sintdt =tsint + cost + C



Exercises

1. Find the derivatives of the following functions:

(@) y=f(x)=x%e*
(b) y = f(x) = sin(x + cos x)
(c) y=f(x)=x* wherex >0

2. Find the following integrals:
(@) [ xcos(x?+1) dx
(b) [Inx dx where x > 0

(Hint: use logarithm)

(Hint: use integration by parts)
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Multivariable calculus % T 14F& 4y

° In many situations, there are more than one variable!
T EIREIT - BHEATRE AR — ([ DL EHYERE |

° Examples:
* The sale of a product may depend on & LAY SR EEE o] 55 [EI B BT
« Population, raw material cost, time, weather, ...
AT~ FEOREEA ~ BRfa] ~ KSR
e F(x,v,z) = x*+ 2y* + 3xyz + cos(xyz)

° For multivariable functions, we want to #5328 Tk E » FeffH 2 EeSy
« Study how a change in one factor will affect the function value
T L th— (R 2 S SR o B () S
* The minimum/maximum value of the function (similar to the single-variable

case) KALHBIm A 20/ IME (JRERFRDI B SR IR0 )
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Partial derivatives {1445

° We can calculate the partial derivatives of a functlon with respect to one

of the variables N TT ks BT m] DA TR R S Er — (A S8 Y
K

« Treat all other variables as constant &= A&7 & 8y
 Follow the usual differentiation rules 08—/ T A RIHEf ToKZE

o Example: For f(x,y) = x? + sin(xy) + y*, we have
o Partial derivative of f w.r.t. x %} x f9{REHE]:

9,
ai = 2x + ycos(xy) + 0 = 2x + y cos(xy)

« Partial derivative of f w.r.t. y ¥f y FY{RZEH]:

0
% = 0 + x cos(xy) + 4y3 = x cos(xy) + 4y3
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Optimization &1L

° Using partial derivatives, we can easily solve unconstrained optimization
problems Fff 0] DAF]HIRER - #FRK L F B LRT—E
* Find the minimum (or maximum) of a differentiable function
f(xq, x5, ..., x,) Without any restrictions on x4, x5, ..., x,,
B AR PREIFRA T > B vl erRE f (xq, x2, ..., X)) HYE/IME
(B KE )

o Analogous to the 1D case, the minimum/maximum points of the function
must satisfy the condition that the gradient of f is 0 JE{LIEEEEEE T » LY
tix/ ME BB E R e . (Gradient) SyZERIGRA:

Vf = (af , of i) = (0,0, ...,0)

dx, 0Xx, 0x,
In other words, 75t &7

of  of af _ 0
d0x; O0x, axn
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Optimization &1L

° To determine whether a critical point is a minimum/
maximum point, we have the following condition
(similar to the second derivative test in the 1D case)
TN E R SR e S Ry IME R EGR KAE RS > BRI
FEFFLL MertE GRSy PE 2200

° Consider the Hessian matrix %= /5 &30

T 0%f 0% f f
ax% 0x1 0xs 0z, Oz,
& f O f 0% f
Hf _ Oxo 011 aa:‘% Oxy Oy
&2 f 8% f 0* f
| Oz, 0x; Oz, Oz 0rZ |
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Optimization &1L

If the Hessian is positive definite (equivalently, has all eigenvalues
positive) at the point, then f attains a local minimum there.
WFRATZ A P BB R IEE (FERIARSEES&E) o
AIIPKEL f 1z B S5 i/ IME -

If the Hessian is negative definite (equivalently, has all eigenvalues
negative) at the point, then f attains a local maximum there.
WIRATEZE R - B R EE (FENAREREERE) -
AIRKEL [ ez AR s K E -

If the Hessian has both positive and negative eigenvalues then
the point is a saddle point for f.

NI AR PR [EI A ERV R EUE R B AV EUE - ARZRE Ry e f AL

If none of the above conditions holds, the test is inconclusive

UL EREEART G - PEAEIA A Er
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Optimization &1L

Example:
f(x,y) = x%+ 3y% + 2xy

Compute the gradient and critical point:

of of
— =2 2 — =2 6
Y X+ 2y, 9y X + 6y

ForVf =0,wehave 2x +2y=0and 2x + 6y =0 = (x,y) = (0,0)

- : fxx fxy) 2 2
Compute Hessian matrix: H = — ( )
" <fyx fyy 2 6

Eigenvalues of H = 2(2 +v/2) and 2(2 — v2) , both positive
= (0,0) is a local minimum of f.

16



Exercises

Find all critical points of the following functions and determine
their type (local minimum/local maximum/saddle):

(1) fl,y)=x*+y*+2x+4y+5
(2) f(x,y) = —x? —3y% + 4x + 6y

(3) f(x,y,2z) =x%+y*—2z%+ 2xy + 4xz

17



Solving optimization problems using Python

o \We can easily solve optimization problems using scipy.optimize in Python

import numpy as np
from scipy.optimize import minimize

# define target functions £ H ik #y (inputis a vector g A S Ej= X = [X, Y, Z])
def f(vars):

X, Y, Z = vars

return x**2 + 2%y*™*2 + 3*z2"*2 + 2*X*y + 2*X*z + 4*y*z

# initial guess (important!) #J4ai5HIE (1REZ | )
initial_guess =[1.0, 1.0, 1.0]

# Perform optimization 3/ /&1L
# method{& (L EHE A can choose among 'BFGS', 'L-BFGS-B', 'Nelder-Mead', 'SLSQP"
result = minimize(f, initial_guess, method="BFGS")

print("Minimum point location &/MEfI & ", result.x)
print("Minimum value &/]ME f(x):", result.fun)

18



Constrained optimization problem 545 1E/L [ RE

° We can also solve constrained optimization problem &%\ 5B L RE:
e Minimize or maximize f (x4, x>, ..., X,,) subject to certain constraints
« Can be equality or inequality constraints

« Similar to the linear programming problem formulation last time, but
the function and the constraints can all be nonlinear

° For example:
min f(x,y,z) = x? — 2xy exp(z) + z*
subject to
{x+y§1
x% 4+ z% =3

19



Solving optimization problems using Python

o \We can also utilize scipy.optimize.minimize to solve constrained optimization
problem. To achieve this, we further prescribe constraints and bounds in the solver:

# Equality: x+y+z=10
def eq_cons(x):
return x[0] + x[1] + x[2] - 10

# Inequality:

cons = |
{'type" 'eq', 'fun': eq_cons}, # Equality: x+y+z=10
{'type": 'ineq’, 'fun': lambda x: x[0] + x[1] - 6}, # x+y >=6
{'type": 'ineq’, 'fun": lambda x: 20 - x[1]*x[2]} # yz <=20

]

# bounds
bounds = [(0, 8), (0, None), (0, None)]

result = minimize(objective, x0, method='SLSQP"', bounds=bounds, constraints=cons)




Remarks on optimization

o We will usually write a minimization problem as

ff*= min f(xq, .., x,)
X1,X2,..,Xn

subject to certain constraints

(similarly for maximization problem f* =

max f(Xq,..,%X,) )
X1,X2,e0 Xn

* f*represents the corresponding minimum/maximum function value
* Note that many computational algorithms only focus on minimization problems.

For maximization problems, we can simply solve their equivalent minimization
problems f* = min

— f(xy, .., %) (the actual maximum value is then —f*).
X1,X2,0en Xn

o Also, if we want to talk about the input value (the “argument”) that gives such

minimum/maximum function values, we will use argmin (short for argument of the
minimum) or argmax (short for argument of the maximum), i.e.,

(x1, .., Xy) = argmin f(xq,..,x,) or (xi,..,xn) = argmax f(xq, ..., X,)
X1,X2,uen Xn

X1,X2,uen Xn

21



What are differential equations? HE-EEE 5T TR 7

o Adifferential equation (DE) is an equation containing derivatives of a function
W52 (DE) B &k By i -

If the function depends on one variable only (e.g. y = f(x)), we call the differential
equation an ordinary differential equation (ODE)

SOSRLAEBUAMHE — (28 (140 y=f(x)) > FMIHLLT 52 Ry e tlor 7772 (ODE) -

® The order of a DE is the order of the highest derivative in the equation.
o iR PEBUE e TR A = P E RIS S -

Differential Equation @ Order Unknown Function

ay

T 4y 1 y(z)
7

y" + 2y = 2z 2 y(x)

d? d

—y—t—y+t(y—1):et 3 y(t)

dt3 dt

22



What are differential equations? HE-EEE 5T TR 7

How to solve a given ODE to get a solution function y = f(x)?

Examples:
3
» Yy =xtsy=f)=7+C

s Y +y=xt2y=2?
c y'+y —y=sinx=>y=77?

In general, we need different techniques depending on the overall form
and order of the ODE

Not all differential equations can be solved analytically (i.e. we may not
be able to find an explicit formula of the solution y = f(x)).
» Computational tools will be very useful!

23



Separable differential equation =] 73BT HTE

o |f we have a differential equation of the form 1 F A H —(EHF =
dy g(x)

dx  h(y)
Then we call it a separable differential equation.

NG TR - RIEAMTE T R ml o BERG J51E -

Example:

dy ) dy

v Xy v dx sin(xy)

dy  sint Y dy 1

at [y +1 at  Jy2+t+1
dy dy

— =XtV 2% = eX(e¥Y — 2 L — xSiny 4
il e e*(e ) =X y

24



Separation of variables 4 &5,k

o |f the ODE is separable, we can rewrite W _ 9 4g
dx  h(y)
h(y) dy = g(x) Sometimes also written
and integrate both sides: " T |informally as
J | h(y)dy = g(x)dx

d
| ) dx = [ g dx
° By chain rule, this gives
fh(y) dy = fg(x) dx

°* By handling both sides using standard integration techniques,
we can solve the ODE and get

Hy)=Gx)+C



Separation of variables 4788 E

Solve the differential equation

dy 23
der  y?
Solution. The equation is rewritten as
yvidy = 22 dx.
Integrate both sides,
/dey = /23}3da¢,
Hence the general solution is
1 1
—yd=—z*+C.

3 2



Separation of variables 57 #fk s8], %

o Initial value problem (IVP):
A differential equation (not necessarily separable) together with an
initial condition specifying the value of the function at a certain point.

Solve the initial value problem

(dy 223

4 dx
y(0) = 1.

Solution. The general solution is
Ls 14
—y° = — C.
3y 2:5 +
1
Substituting the initial condition y(0) = 1 into the general solution yields C' = 7 Thus, the

solution to the initial value problem is



Exercises

1. Solve the following ODE for the function y(x):
dy  x°

dx siny

2. Solve the initial value problem for the function y(t):

(dy_t+1
<dt y
\:V(O)ZZ

28



Modelling population growth

° The rate of change of the population is
proportional to the current population

° Model it using a differential equation:

where k is a constant (the growth factor)

0 min

° EXxercise:
Solve the above differential equation with k = 2
and the initial condition y(0) =1
(i.e. it is given that at time t = 0, population = 1)

29



Modelling population growth

The rate of change of the population is
proportional to the current population

Model it using a differential equation:

where k is a constant (the growth factor)

The general solution is given by:
y = Ce*t

Known as the exponential model

population size

exponential growth

time

Y

30



First-order linear ODE

° What if we have some more complicated scenarios?

e.g. X = 2y — 100
* The rate of change is partially proportional to y

« but there are also other factors (e.g. lack of resources, competitions,
predators, ...) that constantly decrease the rate of change

e.g. 2—3; = 2y — 100 + sint

* The rate of change is partially proportional to y

* but there are also other factors (e.g. lack of resources, competitions,
predators, ...) that constantly decrease the rate of change

* The rate of change will also depend on t periodically

31



First-order linear ODE: method of integrating factor

° Consider
dy

—+p()y = ()

* Only involving first derivative Z—z

* p(x), g(x) can be any functions of x
* No terms like sin(y’), yy’, etc.

dy _ 5., _ W _ oy = _
e.g.E—Zy 100 = " 2y = —100

e.g. 22 =2y—100+sint = Z—2y=-100+sint

32



First-order linear ODE: method of integrating factor

o Define the integrating factor for Z—z + p(x)y = q(x) as the following

function:

u(x) = el pax

° Then we have:

Wy = uat) <

° |ntegrating both sides:
p(x)y =H(x) +C

° Multiplying this factor can help
solve the DE magically!

Explanation:
(u)y)" =@ (0)y + px)y’

= (e Px) y 4 ()’

— (p(x)efp(x)dx) y + u(x)y’ (chainrule
and property of exp)

(product rule)

(by definition)

= pOu(x)y + u(x)y’' (by definition)
= pC)(y' +px)y) (grouping)
= pu(x)q(x) (by the DE)

33



First-order linear ODE: method of integrating factor

Solve
d_y —y = 63:1;
dx '
Solution. Tt is a first order linear equation with p(z) = —1 and ¢(z) = €**. Let
[ = efp(:c)d:c — 7

(Caution: it should be e=*™ but we choose C' = 0.)

Multiply the equation by u,

SO

(Caution: this C' cannot be omitted.)

Hence, the general solution is



Exercises

1. Solve
y'+y=xe ™ +1

2. Solve the initial value problem for y(t) with t > 0:

[ sint
ty + 2y = ——
) t

k y(g)=o

(Hint: Rewrite the ODE as an appropriate form first.)




Solving first-order ODE in Python

° So far we know how to solve:

. W _ 900
= 1o (separable)
. Z_i’ +p()y = q(x) (some of the first-order ODEs, not all!)

° \What about the other first-order ODEs?
* e.g. Z—z = sin(cos(xy)) + e*y? +i

° |n general, we have to use computer to solve them numerically
* Principle: discrete approximation of the derivative (afternoon session)
« Computational tool in Python: odeint



Higher-order ODEs

° Higher-order ODEs:
 Differential equations involving higher-order derivatives (y",y'", ...)

o Example:
o 2nd-order ODE with constant coefficients:
y' =2y +4y =0

« 3rd-order ODE with nonconstant coefficients:
(sint)y"" +2y" +t3y' —ty =4

e Newton’s second law F = ma = mx"

° How to solve (some of) them?

37



Higher-order ODEs: method of characteristic equation

° Consider the following 2nd-order ODE with constant coefficients

ay'" + by +cy =0

where a, b, ¢ are constants and a = 0

o Ifwe tryto pluginy =e™ (where r is a constant), then we have
a(e™)" +b(e™) + ce’”x =
a(r?e™) + b(re™) + ce™ =0
(ar? + br + c)e™ =

° Sincee™ =0,wehavear? +br+c=0

o In other words, y = e™ with r satisfying ar? + br + ¢ = 0 will be a
solution to the ODE



Higher-order ODEs: method of characteristic equation

Therefore, to solve ay' + by’ + cy = 0, we only need to solve the characteristic
equation ar® + br + ¢ = 0 and find all its roots r =1y, 7 = 1,

Case 1: If we get two distinct real roots ry, 7, (i.e. b? — 4ac > 0),
then the general solution is

y(x) = Cie™* + C,e™*
where C;, C, are constants

Case 2: If we get two repeated real roots r (i.e. b? — 4ac = 0),
then the general solution is

y(x) = Cie™ + C,xe™

Case 3: If we get two distinct complex roots r = a + Bi where i? = —1
(i.e. b* — 4ac < 0), then the general solution is
y(x) = e**(Cy cos fx + C, sin fx)

39



Higher-order ODEs: method of characteristic equation

° Example: Consider the second-order ODE for y(x):
yll . yl . 6y — O
The characteristic equation is
r{—r—6=0
(r—3)r+2)=0
r=3,—2
Therefore, the general solution to the ODE is
y = Cie3* + C,e™%*

° Remark: The same approach also works for higher-order ODEs with
constant coefficient!
- Example: Fory""' +2y" —5y'—6y=0,solver®+2r¢—5r—6=0
and gety = C,e"™* + C,e™2* + C3e™3*

40



Exercise

Solve the initial value problem for the function y(t):

(2y" =3y +y =0
< y(0) =2

0) = =
\ g 2

41



Advanced topics

° Solving systems of ODEs

° Computational tools (see Python notebooks) for solving:
« Systems of ODEs
* Higher-order ODEs

° More modelling examples

° Theoretical analysis of ODE systems



Mathematical Modelling @ CUHK Mathematics:
https://www.math.cuhk.edu.hk/app/mathmodel

Contact:
CUHK Mathematical Modelling Project Team
mathmodel@math.cuhk.edu.hk

Thank you!
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