Inclass Exercises 2526 Math Modelling Student Workshop 2026-02-07 Saturday

THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
Exercises on Correlation

Learning Outcomes 2% H1Z

e Understand the importance and limitations of correlation analysis,

PR AHBE AT B B R B PR A
e Distinguish between:
o> LUNED

(a) Linear and non-linear correlation,

ARVE BARARIEARRR -

(b) Positive and negative correlation,

TEAHER B A AHR -

e Calculate and interpret the correlation coeflicient for:
ST REAHBR (R R EAR

(i) Individual (ungrouped) observations,

@R (Ro#) BEE -

(ii) Bivariate grouped data.
BEEHER -

Karl Pearson's Method &8 K& 571

Karl Pearson's method of calculating the coefficient of correlation is based on the covariance of
two variables in a series. In fact, there are two methods to calculate the coefficient of correlation:

R A% (Karl Pearson) 5t AHBIRENT 771557 —E B S (88 2p) He s g - &=
T st EAEBREBE WA
1. Direct method B £

2. Short-cut method FEKLE

Direct Method B

In this method, the coefficient of correlation (denoted by r) is calculated as the ratio of the
covariance of the two variables to the product of their standard deviations.

FERCTTEF » MABAREL (B Rr) FEF Ry 8 Eo I i BB B AT e S SR 2 L -

Symbolically:
FFERFRAND ¢
_ 2wy
Nogoy
where:
o
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e z=(X—-X),y= (Y —Y) (deviations of X and Y from their arithmetic means),
r=(X-X)ry= (Y -Y): X Hy BHEFHENRE

e > xy = sum of the product of deviations in X and Y,
Say ¢ X BY (mEFEHILEAM -

o, = standard deviation of X, o, = standard deviation of Y,

o 0 X WEEHERE > o 1 Y HUFEREZ

N = total number of pairs of observations.

N = BUAERCH AL -
A simplified version of this formula (derived below) is:
AR ECRRA (FEA0T ) A

_ >oxy
Vo a? x /3y

r

Derivation of the Simplified Formula f&{t./A = HIHEE

Recall that:
/> > P
Oz = N Oy = N

A A AR
Substitute into the original formula:

(AWANG 5= v

. >y _ >y _ >ozy
N. /ZT:#- /zTyQ N_\/ZwQN\/ZyQ V22 x /2

This formula applies only when deviations are taken from the actual arithmetic means of the
two series. It is also called the covariance method or product-moment method.

I A E P 22 B {0 0 BRSPS B B iR & H 8 BB R s 22 -

Steps to Calculate r (Direct Method)
AtEr RIZPER (EIRR)

To calculate the coefficient of correlation:

R TRHEABREL -

1. Compute the arithmetic means of X (X) and Y (V).
APEX RSP (X) Sy WEMFSE (V)

2. Calculate deviations: 2 = X — X andy =Y — Y.
AERE 2=X-Xy=Y-Y-°

o

3. Square the deviations: compute 3 2? (sum of squared z-deviations) and Y y* (sum of
squared y-deviations).

HERZETT © BRY o (o WZEFIM) By y? (y WZEFI5H) -
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4. Compute Y xy: multiply corresponding x and y values, then sum the products.

AR vy FRER By AR - RIRSRIRAEHEA -

5. Substitute Y xy, Y22, and 3" y? into the simplified formula for 7.
HES wy ~ S22 Y o2 AT A LIKAGr ©

Example 1: Calculate the Coefficient of Correlation
Bl : st REAHBERE

For the data:
ez A

2 3 4 5 6
7 9 10 14 15

=

Solution A%

First, set up a table to compute the required values (where z = X — X andy =Y —Y):
B BUERRFEIFEE (Hfz=X-Xy=Y-Y)

X Y r=X-X x2 =Y -Y y? xy

2 7 2—-4=-2 (-22=4 T7-11=-4 (-4)3?%=16 (-2)(—-4) =38

3 9 3—4=-1 (-1)2=1 9-11=-2 (-2)?=4 (-1)(-2)=2

4 10 4—-4=0 02 = 0-11=-1 (=1)2=1 (0)(-1)=0

5 14 5—-4=1 12=1 14—-11=3 32=9 (1)(3) =3

6 15 6—4=2 22 = 15—11 = 42 =16 (2)(4) =8
SX =20 YV =55 a2 =10 Nyt=46 S ay=21

Next, compute the means (where N =5 is the number of observations):

B HREPHE (KN =5 HBRIERE)

¢ XY
Xziz Yziz
N ’ N

Substitute into the Pearson correlation coefficient formula:

R BEFAERE R A
_ >oxy
Vo a? x /3y

Calculate the square roots (rounded to two decimal places):

APESETR (M3 A2/ N R M)

r

T =
The value r ~ indicates an almost perfect positive correlation between X and Y.
A MEERRX BY 2 HHEr5e 2 AR -
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Note on the Range of r
3R 1 AL 865 O 5 B

The coeflicient of correlation r always lies between —1 and +1:

FABA R E RIBUERE R IR TN -1 Bd41 2

e r = (: No correlation between the series.

2 2 F) BEAH B -

e r = —1: Perfect negative correlation.

SEEH M

e r = +1: Perfect positive correlation.

SEEIEHR -

Calculating Coefficient of Correlation by Short-cut Method
DAREIS 5T S AH B R 3

The following steps are involved in calculating the coefficient of correlation using this method:

e T iR AR R B BRI T

1. Choose convenient values as the assumed means of the two series X and Y.

BT EREEIER M ARSI X By pIRBCFI2 -

2. Deviations (dz and dy, instead of z and y) are obtained from the assumed means (in the
same manner as deviations from actual means).
DB BGET W2 (- de Bdy » TdEe Bly) > BRI BB R 8 W 2=
FHA

3. Compute the sum of the dr and dy columns: ) dx and ) dy.
st R da Bldy BRIAEA 1 > da BLY dy

4. Square the deviations dz and dy, then calculate their totals: > dz? and 3" dy?.
W do Bidy 77 » AE AR 1 Y do? By dy? -

5. Compute Y dzdy, the sum of the products of deviations taken from the assumed means
of the two series.

AR dady > BB ARET HMERECT- B 22 SRR AR AT -

Example 2
&2

A company manufactures different types of electrical appliances. It uses radio for advertising

its products. The table below shows six weeks of radio time (X, in minutes) and the number

of electrical appliances sold (Y') over the last six weeks:

— XN FEEEANREMAESE N WEHESESE - TRERBE/NENES B &R H
(X » B47: i) BARBEARHERE (V)

X 25 18 32 21 35 29
Y 16 11 20 15 26 28

4
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Calculate the coefficient of correlation between X and Y.

SEX Y 2 RIROMIBI RS -

Solution fH#%F

First, set up a table to compute the required values (note: A.M. = Assumed Mean):

B B EMETEREE (EE  AM. ZRBECFE)

X Series Y Series
X de =X — AM.x da? Y dy=Y — A.M.y dy? dx - dy
(A.M.x =25) (A.M.y = 20)

25 25-25=0 02=0 16 16 —20 = —4 (—4)2 =16 0-(—4)=0
18 18 —25= -7 (=72 =49 11 11-20=-9 (-9)2=81 (-7)-(-9) =63
32 32-25=7 72 =49 20 20—20=0 0% = 7-0=0

21 21 —25=—4 (—4)2 =16 15 15-20=-5 (=5)2=25 (—4)-(=5) =20
35 35—-25=10 10% = 100 26 26—20=6 6% = 36 10-6 =60
29 29 —-25=4 4?2 =16 28 28—-20=8 82 = 64 4-8=232

STX =160 S de =10 Sdz?=230 Y =116 Sdy=-4  Sdy?=222 Yldady=175

The formula for r (Short-cut Method) is
RS Er R ¢

. Z d:rdy _ (Z dw)(Zdy)
\/Z do? — S \/Z dy? — Zdw?

where N = 6 (number of observations).

HiN =6 CBIEERE) -

1: Compute the Numerator it &+
Numerator = Z dzdy — @dx)]\gz;dy) —

2: Compute the Denominator (First Term) #H& 6 (F£—IH)

S

3: Compute the Denominator (Second Term) gt &5k (% _3H)

S

4: Calculate r 1 Hr

r =
This value (r ~ ) indicates a high degree of positive correlation between radio time (X)
and the number of appliances sold (V).

BfE (r~ ) FrBEAEERH (X) HEREEEE (V) ZHEEREEMR -
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Note on the Short-cut Formula fE& /A &4

When comparing the short-cut formula to the direct method (using actual means), w

2 2
is the correction factor for the numerator, and %, (Zﬁy) are correction factors for the

denominator. These account for using assumed means instead of actual arithmetic means. ,
AR BEE B (R EETE) ey » 0d) 8 FRgR ER T 0 i gl

2 o NN Y 132 7 == 282 817 J
R e i)™ L o3 PR IE R - o S8 1F R PR B (5 PR R T BT S B B 01 P B
I e

Alternative Method (Using Original Values)
BATE (AR ESE)

There is another method to calculate the coefficient of correlation: instead of taking deviations
from an assumed mean, we can compute r directly using the original values of the two series.
The formula for this method is:

MR GREI T L « AMEEECFEBET R RS - T2 B R W E B R in BuE s
Br o WHER AT

S XY - 22T
(25 (- )

r =

Example 3
il E3

We use this formula with the same data as Example 2 (radio time X and appliances sold V') to
calculate the Pearson correlation coefficient using the alternative (direct) method:

oA B G REA F R B (BE R ERHX HEERHEHEY) » UWBEAE (BE¥E)
At B AR R (R -

Solution fFZF

First, set up a table to compute the required sums (N = 6, number of observations):

HIL o B EMETE RN (N =6 BIlIERE)

X X? Y Y? XY

25 252 = 625 16 162 = 256 25 x 16 = 400
18 182 =324 11 112 =121 18 x 11 = 198
32 322 = 1024 20 202 =400 32 x 20 = 640
21 212 = 441 15 152 = 225 21 x 15 =315
35 352 = 1225 26 262 =676 35 x 26 =910
29 292 = 841 28 282 =784 29 x 28 = 812

YN2X =160 Y. X?2=4480 Y Y =116 > Y2=2462 > XY = 3275

We now compute r step-by-step using the alternative Pearson correlation formula:

HATRAEZE P BRI B AR AR B AR B A 2G5
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1: Calculate the Numerator 554+

_ ZX)Y)
Numerator = Z XY — N

Substitute the values:
RNEUE -

Numerator =

2: Calculate the First Term in the Denominator 5t5 48R —IH

X)?
X2 o (Z —
D XP-Emr =
3: Calculate the Second Term in the Denominator & BRI —IH
Y)?
v2_ L -
> =
4: Calculate the Denominator &4k
Denominator =
5: Compute r g1 &Hr
7" pr
This matches the result from the Short-cut Method (r ~ ), confirming that the Alterna-

tive Method (using original values) yields the same coefficient of correlation—indicating a high
positive correlation between radio time (X) and the number of appliances sold (V).

BEAE R ELFEIRIRRT AR (r ~ ) —BC FHEBINE (EHFEREE) SRR
FHERS > FREEEERM (X) HERNEEE (V) ZHEEREEME -

Correlation Coefficient for Grouped Data
o1 A BRH A B (R B

When calculating the correlation coefficient between two variables from grouped data, we use
a two-way frequency table (rows = one variable, columns = the other variable). The table cells
contain frequencies (number of observations) for each combination of class intervals. We denote:
E I SR B (A S B BRI B R B - R e & ek (Fl= —R8 8 7= 5
—(AEE) o FREFROMASESEAEMAERGIXE (BIERE) - sttt -

- m = number of rows (excluding totals),

-m = (NELEET) -

- n = number of columns (excluding totals),

-n =178 (NEHE)

- f = frequency in a cell,

- f = FEERE R RIREL

- N = total frequency (>_ f).
-N=HKE (T f) -
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Formulas for Correlation Coefficient (r) with Grouped Data
7 A BB BEAR B 2 32X

The formula (using deviations from assumed means) is:

wI (ERBRERFRRIRZE) &

2 fdedy (30 fdx) (30 fdy)
N N2

\/(z;vfd% B <z§gz>2) (Z]fvfdz B <z]5gy>2)

A simplified version (equivalent) is:

A IEhA (FE) % -

r =

N Y. fdody = (3 fdi)(3 fd)
VINS &~ (S fd)?) [N S S — (3 fdy)?]

r =

Where:
o

- d; = deviation of X (row variable) from its assumed mean,
-dy = X (188 BEEERFIBRNRE -

- dy = deviation of Y (column variable) from its assumed mean,
-dy =Y (UT8E%) HEEEFIENmWE -

- fd.d, = product of d, d,, and cell frequency,

- fdedy = dy ~ dyy BEEAFRE IR ARAE -

- fd% = d2x cell frequency,

- fd2 = d2x GEFREIREL

- fdg = dix cell frequency.

- fd2 = dZx REAFREUCEL -

Steps to Calculate Correlation for Grouped Data
TR ERHHBR R P BR

i. Record mid-points of class intervals for X (columns) and Y (rows).
kX (17) By (F) AxHEEEs -

ii. Choose an assumed mean for X (My) and Y (Mj,), then calculate deviations (d, =
X — My, dy=Y — M)
BEEX EY fIEECFIE (My EMy) o RREERE (b = X - My dy =Y —
M) e

iii. (Optional) Simplify calculations by dividing deviations by a common factor (step-deviations).

(AT#) M fmErRA—E A& (BikmzE) DL -

iv. Compute fd;, fdy, fdzdy, fd?, fdg for each cell.
AHRBEREEIN fdy ~ fdy > fdudy > fd2~ fd2°

v. Sum these values to get Y fdu, Y fdy, Y fdedy, Y- fd3, Y fd2.
HELEEINAE > BBIY. fdo ~ Y fdy ~ Y fdody ~ Y fd2~ 3 fd2 e

8
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vi. Substitute into the correlation formula.

(ANl A

Example 4: Sales Revenue vs Advertising Expendi-
ture

B4 - SHEW A Vs BEE>CH

Table 1 shows grouped data for Sales Revenue (Y, HKD) and Advertising Expenditure (X,
HKD). Calculate the Pearson correlation coefficient for the grouped data.

K1 BUREEBIOA (Y B%) EEEH (X B%) o8k - 5HEDEE R #fk
FHBAREL -

Table 1: Two-Way Frequency Table (Sales Revenue vs Advertising Expenditure)
BrEEE (HEWAvs BELH)

Sales Revenue Advertising Expenditure (HKD) (X)

Total
(HKD) (Y) 595 1595 2535 3545
75-125 3 4 4 8 19
125-175 8 6 5 7 2%
175225 2 2 3 1 11
995275 3 3 9 9 10
Total 6 15 14 91 66

1: Define Mid-Points and Assumed Means & % F B BB 2 F 8

- X (Advertising Expenditure) mid-points: 10 (5-15), 20 (15-25), 30 (25-35), 40 (35-45).
Assumed mean for X (My) = 20 (mid-point of 15-25).
Deviation for X (scaled by class width w, = 10): d, = 1020, d, values: 101020 -1, 201020 =0,
30-20 — 7 40-20 _ 9

(Eiﬁﬁi) HE : 10 (5-15), 20 (15-25), 30 (25-35), 40 (35-45) °
X WBREFIE(My) =20 (15-25 BREFIHIE)
X WO (BB, — 10 BRED) @ dy — 520, d, fffif  10=20 — 1 20=20 _ g 30=2 _

40—20
10 =2

- Y (Sales Revenue) mid-points: 100 (75-125), 150 (125-175), 200 (175-225), 250 (225-275).
Assumed mean for Y (M{,) = 150 (mid-point of 125-175).
Deviation for Y (scaled by class width w, = 50): d, = Ygé“r’o; dy values: 00490 — 1,
150150 _ (), 200150 — | 250-150 9

(fﬁ%qﬁw\) EME 100 (75-125), 150 (125-175), 200 (175-225), 250 (225-275) °
Y BYEETIE(M],) =150 (25-175 [ HE)
Y B (AR, = 50 S50 :d, = Y10, 4, BfEs c 10010 _ g 150150 _

200—150 250—150
50 =1, 50 =2.
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Table 2: Computation of Correlation Coefficient (Example 4) fHE{REGETE ({71H4)

X (Advertising Expenditure)
Y My = 20

M{, = 150 dy — Total (f) fdy fd? 3 fdady
d
vt 5-15 15-25 25-35 35-45
(de = —1) (de = 0) (de =1) (de = 2)
75-125 (dy = —1)  3(=1)(=1) =3 4(0)(~=1) =0 4(1)(-1) = —4  8(2)(~1) = —16 19 19(—-1) = —19  19(1) =19 3+4+0-4—16= —17
125-175 (dy = 0) 8(—1)(0) =0 6(0)(0) = 0 5(1)(0) = 0 7(2)(0) = 0 26 26(0) = 0 26(0) = 0 04+0+0+0=0
175-225 (dy = 1) 2(-1)(1) = -2 2(0)(1) =0 3(1)(1) =3 4(2)(1) =8 11 11(1) = 11 11(1) = 11 —2+4+0+3+8=9
225-275 (dy = 2) 3(—1)(2) = —6 3(0)(2) =0 2(1)(2) = 4 2(2)(2) = 8 10 10(2) = 20 10(4) = 40 —6+0+4+8=6
Total (f) 16 15 14 21 N =66 S fdy =12 3 fdZ =170 > fdedy = —2
fda 16(—1) = —16 15(0) = 0 14(1) = 14 21(2) = 42 > fdgy = 40
fd2 16(1) = 16 15(0) = 0 14(1) = 14 21(4) = 84 > fd2 =114
fdady -5 0 4 0 3 fdaedy = —2

2: Compute Correlation Coefficient 51 HAHBI1REL

We use the simplified formula for grouped data (Pearson correlation coefficient):

B FI A ERHIRT AR (BB R )
N Y fdady — (5 fdo) (5 fd)
VINS & = (X fd)?) x [N S fd2 — (S fdy)?]

Substitute the values from Table 2:

RAFE2 HIEE :

-N =66, fd.dy=-2,% fd, =40, > fd, =12,
2 _ 2 _

- > fdi =114, Zfdy = 70.

Step-by-Step Arithmetic:

ZHEE

1. Numerator:

PR

r =

2. Denominator (first part: X term):

S (H—H5 X )

3. Denominator (second part: Y term):
otk (B 1Y H)

4. Combine denominator terms (exact product + square root):

B ERIE (EREREES FIR)

5. Final r (full precision):

ke (B (EfEREE)

10
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Alternative Calculation (Original Formula):

BRGEHRE (Rua)

2 fdedy (30 fde)(30 fdy)
N N2

\/(z;;da _ SR o (D)6 )

r =

- Numerator:

VISR

- X term:
X I8 :

-Y term:
Y IF :

- Denominator:

43bf

- Final r (full precision):
Bikr (B (FEREE)

r =

(matches simplified formula, confirming consistency).

(BRI A —B0 > MR IEHE )

Example 5: Family Income vs Food Expenditure (En-

gel’s Law)
BilE5 : KEWAvs BibsCH (BAEHER)

Tables 3-6 show grouped data for Family Income (X, HKD ’000) and Food Expenditure (Y, %)
for 100 families. Calculate the Pearson correlation coefficient and interpret the result (Engel’s

Law: as income rises, the share of expenditure on food falls).

#3-6 BUR100 [ARERZREWA (X » BAL B ToT) BEEmsid (v 5otk mods
B o SR CRAHR (RBOE AR R (RS MER - WASGINEY » | sCHEEE TRE) -

11
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Table 3: Family Income vs Food Expenditure (100 Families)
FKEEN A Vs BahsCH (100 (HZKE)

Food Expenditure Family Income (HKD ’000) (X)

Total
(%) (Y) 5-10 10-15 1520 20-25
10-15 — - — 3 3
15-20 - 4 9 4 17
20-25 7 6 12 5 30
25-30 3 10 19 8 40
Total 10 20 40 30 100

1: Define Mid-Points and Step-Deviations €& 582 5 4w 2=

- X (Family Income) mid-points: 7.5 (5-10), 12.5 (10-15), 17.5 (15-20), 22.5 (20-25). Assumed
mean for X = 17.5 (mid-point of 15-20), common factor (class width) = 5. Step-deviation for
X: oy = X215, 4 values: L80T8 — g 125-175 _ ] 175175 _ g 225-175 _ |

P Ui =T -5 4T 5 T~ 5 YT 5 T
X (FEWN) & 275 (5-10) ~125 (10-15) ~17.5 (15-20) ~225 (20-25) ° &K
PR 175 (1520 (R BE) o AKE I = 50 X A5 RRE :w = Y0151y,

fH:-2,-1,0,1°

- Y (Food Expenditure) mid-points: 12.5 (10-15), 17.5 (15-20), 22.5 (20-25), 27.5 (25-30).
Assumed mean for Y = 22.5 (mid-point of 20-25), common factor (class width) = 5. Step-
deviation for Y: v; = % v; values: % = -2, 175’% = -1, 22’5g22'5 =0, 27'5322‘5 =
1.

Y (EMICH) $8 12,5 (10-15) ~17.5 (15-20) ~22.5 (20-25) ~27.5 (25-30) ° f&&
FHH= 225 (2025 B #) » AEE (HE) =5°Y WPRRE v = 2250y,
fH:—-2,-1,0,1°

2: Calculation Tables £t B Fk%

Table 4: Calculation of Y fu; and Y fu? (Family Income, X)
AT fu; B fu? (KW » X)

w; fi (Total Frequency) fiu; fiu?

2 10 10(—2) = —20  10(4) = 40
1 20 20(—1) = —20  20(1) = 20
0 40 400)=0  40(0) =0

1 30 30(1)=30  30(1) = 30
Total 100 Sofui=-10 3 fu? =90

12
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Table 5: Calculation of > fv; and > fv? (Food Expenditure, Y)
FEELY fu BEY fo? (BMSCH 0 Y)

v; fi (Total Frequency) fivi fiv?

2 3 3(—2) = —6  3(4) =12

1 17 17(-1) = —17  17(1) = 17
0 30 3000)=0  30(0)=0

1 40 40(1) =40 40(1) = 40
Total 100 Sfui=17 > fo? =69

Table 6: Calculation of > fusv; (Cross Product) 518> fusv; (58X EFE)

vl u; — -2 (5-10) -1 (10-15) 0 (15-20) 1 (20-25) Total (fv;)
-2 (10-15) - - - 3(=2)(1) = —6  3(~2) = —6
-1 (15-20) - A=) (=1) =4 9=1)(0)=0 4(-1)(1)=—-4 17(=1)=—17
0 (20-25) 700)(=2)=0  6(0)(=1)=0  12(0)(0)=0  5(0)(1) = 30(0) = 0
1 (25-30) 3(1)(=2) = —6 10(1)(=1) =—10 19(1)(0)=0  8(1)(1) =8 40(1) = 40

> fuv; (column-wise) —6 —6 0 -2 > fuw; = —14

3: Compute Correlation Coefficient 5tH AHBH1REL

Use the step-deviation formula for grouped data (equivalent to Pearson’s correlation coefficient):

EAAERRNZRIRE AR (FEN AR RE)

_ NY fuv = fu)(3- fo)
VINY fu? = (3 fu)?] x [N 3 fo? = (2 fv)?]

Substitute corrected values from Tables 4-6:

RAFER4-6 HEUE :

SN =100, Y fuv = —14, 3 fu = —10, 3 fo = 17,
-3 fu? =90, Y fo? = 69.

Step-by-Step Arithmetic (Full Precision):
B R (CBEE)

1. Numerator:

PSR

2. Denominator (first part: u term):
a8 (B—HR5 + u TH)

3. Denominator (second part: v term):
ik (58 "8R8 v IH)

13
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4. Combine denominator terms:

B EAIE ;

5. Final r (unrounded + rounded):
B B (REBA+ RN
r =

4: Interpretation (Engel's Law) @ (BEH /)

The correlation coefficient r =~ —0.16 indicates a weak negative correlation between family
income (HKD '000) and the percentage of income spent on food. While this aligns with Engel's
Law (higher income — lower food expenditure share), the weak correlation suggests other factors
(e.g., household size, food preferences) also influence food expenditure patterns for this sample
of 100 families.

HEREr ~ —0.16 FRFEEMA (B« B ToT) BT AR ERSZHNE D L2 HF
TESS EAHRE o WA R B E AR 3 (WAES > B GHaiR) o B iR AR
59 BURHABRZER (140« FKEME - SREREF) JRE 2 BARAF100 FZKBER B i S H
7 o

t Test for a Correlation Coefficient

FHBR R BRRE

In the examples given earlier in this chapter, the correlation coefficient r was computed to
measure the strength of the relationship between two variables. Note that we often use the
sample correlation coefficient for descriptive purposes as a point estimate of the population
correlation coefficient p. This means r is treated as an estimate of the parameter p, but r
can only be validly used as an estimate of p if the assumption of bivariate normality (normal
distribution for both variables) holds.

TEARF RG> BoffEt 5 T HHB R B 2t & w8 8 8 2 IR BR R SR B - 7R » AR
KRS BR (R BUT MR BHES A BRR Blp RUBLEET - ERIREr B A2 Hp FIflEHE » (HA
e RV R (WA EE 2R ) BSLRE - r AREE RO AR BfbEE -

The most frequently used test to examine whether two variables X and Y are linearly correlated
is the t-test. To apply this test, we first specify the null and alternative hypotheses as follows:
TRBR T (E B X BLY R ARTEAEBA RS H T VE 2t M€ o BB RE - 3 & Soak i i
s B S fRE AN

e Hy:p=0 (No linear correlation between X and Y)
Hy:p=0 (X BY Z[HEAVEAERT)

e Hi:p#0 (A linear correlation exists between X and Y)
Hy:p#0 (X By ZFEEGEMEHR)

where p (rho) denotes the population correlation coefficient.

Hp FoRMRa iR AEL -

14
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The formula for the ¢-test statistic is:

t ERARIAHS

i

1—r2

n—2
where:
Hep

- 7 = sample correlation coefficient,

r = BRAHE R -

- p = hypothesized population correlation coefficient (typically 0 for this test),
- p = BRERIARES B AR (e &0) >

- n = sample size,

n = BAKRN -

- n — 2 = degrees of freedom (df) for the ¢-distribution.
n—2=tMEEBEE (df) -

The test statistic ¢ follows a t-distribution with n — 2 degrees of freedom. We illustrate this

with an example.

EMAT B G E HE Rn — 2 09t i o LUN A —E G2 -

Example 6
&6

Refer to Example 3, where the sample correlation coefficient » = 0.84 and sample size n = 6.
Test whether there is a statistically significant linear association between advertising expenditure
and sales revenue at the 5% significance level.

SE IS » HPEAMBREr = 0.84 » BRAKR/ I n =6 ° 7£5% BHZEIKIET » B B & 5 H Bl
BN Z H & B F st E BRI AR R B -

Solution f#Z

We apply the t-test using the formula above, with p = 0 (null hypothesis of no correlation):
FoAFIfE A ot A 2R T B - Hodp = 0 (R A HEAH B )

e
1—r2
n—2
1: Substitute values fC ABH
r=0.84, p=0,n=6:
0840
 [1-(0.84)2
6—2

2: Calculate the denominator (full precision) 5858 (5EEIFE)

1. Compute the squared correlation: (0.84)? = 0.7056
sHEMBIRECEJT ¢ (0.84)% = 0.7056

15
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2. Compute 1 —r2: 1 —0.7056 = 0.2944
FHHE1—r2 11— 0.7056 = 0.2944

3. Divide by degrees of freedom (n — 2 = 4): %24 = 0.0736
BRLVEHIE (n — 2 =4) : 9241 = 0.0736

4. Take the square root: +/0.0736 = 0.2712932 ~ 0.2713
BCE AR © 1/0.0736 = 0.2712932 ~ 0.2713

3: Compute the t-statistic F1 &t FHst =
0.84

4: Compare to critical value B[ 5F1H iR

For df = 4 and a two-tailed 5% significance level, the critical t-value is 2.776.
Y E A = 4 FIE 5% BEKYE > B H52.776

Since the calculated ¢ = 3.10 > 2.776 (critical value), we reject the null hypothesis Hy : p = 0.
HRFEAEIRE = 3.10 > 2.776 (ERSHE) - RAEEEEERH :p=0-

Conclusion &5

There is a statistically significant linear association between advertising expenditure and sales
revenue at the 5% significance level.

FE5% BEEKMEN » 5 S H B el BN Z PRI AE AR A T REE O AR 1 B M

RANK CORRELATION
ﬁ‘m&ﬁ%ﬁ

Sometimes we encounter statistical series that are ranked by size (rather than measured with
exact magnitudes, which cannot be ascertained). In such cases, Karl Pearson’s coefficient of
correlation is not suitable. Instead, Spearman’s Rank Correlation (or simply rank correlation)
is used. This method relies on the ranks (or order) of observations (not their specific values)
and involves simple calculations.

AR E B RO/ NEFFRAET B (IR DS HEIERN R » A EARE R RE) -
FEEMEDL N » R # AW ARAAHR REGEAER - TR R L2 FHME (Spearman's
Rank Correlation » fE R SFARAHR ) - A RBEEBIRER S K (BUERF) - mAEH 288 E
18 > HFtHEAHSEE -

Types of Rank Correlation Problems
5 A5OMH B R R O B Y

We encounter two types of problems in rank correlation:

FESERAHRA - B SRR AR A RIRE

1. When mnks are already given for the series.

FROEB/ENBIF

16
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2. When ranks are not given (we assign ranks to raw data first).

HERmARGE (FRHFEEEhETHF ISR -

Case 1: Ranks Are Given
Bh— : EREHE

When ranks are provided:
B R O R

1. Compute the difference between the two ranks for each observation: d = Ry — Ry (where
R1, Ry are ranks for the two series).

AR B EBHMEE M EEIN H I ERZE 1 d = Ry — Ry (HHRy, Ry R HES RIS
) e

2. Square these differences and calculate their total: _ d2.
B E A A - Y d? e

3. Apply Spearman's formula:

EREEME A
6Zd2
re=1— —F——
N(N2-1)
where:
Hr

e 1y = Spearman's rank correlation coefficient,

re + SRR B F AR AR R EL -

e N = number of observations.

N BHIENEE -

Case 2: Ranks Are Not Given
B - REEHK
When raw data (not ranks) are provided:

HRBRRRmER (TIEEK) K -

1. Assign ranks to each series (either rank the highest value as 1 or the lowest value as
1—use the same rule consistently for both series).
B HER B IR (A LOBE R R EHEZ R 1 > B0 &/ MEFRZ & 1 — WA &R
/R —EERAMFRRAL) -

2. For tied ranks (identical observations): Assign the average rank to all tied values. For
example, if two observations tie for 7th and 8th place, assign % = 7.5 to both.
B2k HEFEPBHRIE) 5P R B4 Bra W5IME o 6140 » 2 m (B BRI {E I
87 BAEER 4% » RIECTES = 7.5 AW -

3. Proceed with steps 1-3 from Case 1 (compute d,_ d?, then apply the formula).
BEAATEN PR3 (B8, Y d? » RRERALR) -
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Example 7: Spearman's Rank Correlation (Training
vs Sales Performance)

BT : R SRR (REIRBlvs SHERD)

10 salesmen at a company completed a month of training, took a test (ranked by performance),
and were later ranked on their sales performance (6 months post-training). Their ranks are
shown below:

FAAIRIL0 Z$HE B5eR T —E A RS - W20 Tl (RREHE) o 2 BRAeERIIRNE
AR ERFLETHES o MFTRHEZ T -

Salesmen 12 3 4 5 6 7 8 9 10
Ranks (Training) 4 6 1 3 9 7 10 2 8 5
Ranks (Sales Performance) 5 8 3 1 7 6 9 2 10 4

Calculate Spearman's coefficient of rank correlation and comment on the result.

At R SR B F A B AR BOL A R

Solution f#Z

First, compute the rank difference d = Training Rank — Sales Rank and squared difference d?
for each salesman (Table 7):

Bt sTEBEME AENE] = SRl - HEHEYS BT IEC (RT)

Table 7: Calculation of Rank Differences (d) and Squared Differences (d?)
FMEET T =R R

Salesmen Training Rank (R;) Sales Rank (Ry) Difference (d = Ry — Ry)  Squared Difference (d?)

1 4 5 4-5=-1 (—1)2 =

2 6 8 6—8=-2 (—2)2 =4

3 1 3 1-3=-2 (—2)? =

4 3 1 3—1=2 22 =

5 9 7 9-7=2 22 =

6 7 6 7T—6=1 12=1

7 10 9 10—-9=1 12 =

8 2 2 2—-2=0 0% =

9 8 10 8§—10=-2 (—2)2=4

10 5 4 5—4=1 12=1
Sd? =24

Apply Spearman's Rank Correlation Formula

EH B2 F AR A

Spearman's rank correlation coefficient formula (for no tied ranks) is:

SRS F R AR R B A (BEIS 2 IR ) B

L X
- N(N2-1)

ry =

18
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where:

Hr

- N =10 (number of salesmen),

N =10 (SHEENE) >

- Y d? = 24 (sum of squared rank differences).
Sd? =24 (FHEFTTM) o

Substitute values (full precision):

RABUE (BB

24
re=1— 76( ) =
10(102 — 1)
Interpretation f#REE
A rank correlation coefficient of ry = indicates a very high degree of positive correla-

tion between performance in training and subsequent sales performance. This means the two
rankings are strongly associated: salesmen who performed well in training tend to achieve high
sales ranks, and vice versa.

FHRAMBRRE, = FORE IR E RGN ERFA L MAEIRE S EMHERE - EERE
MIEHES: 2 FEA SR ZU RO BEN © fERE I R RIFRHE B ERRENHEERS - RZIR
IR o

AN

Significance of r, EAAH B R B B T

For small samples (N < 30), the distribution of r4 is non-normal, so the ¢-test is inappropriate.

Instead, use the Spearman’s Rank Correlation Significance Test:
BPVINER (N <30) 0 v, FODMEAER RS » Btk S AEH o B AT & SR BEE
Mg -

e Null Hypothesis (Hy): rs = 0 (no linear correlation between training ranks and sales ranks).

FREEMRE (Ho) :re =0 (HAHEZ BLE B HEA 2 TR BEARTEARRE ) -

e Alternative Hypothesis (Hy): rs # 0 (a linear correlation exists between the two sets of ranks).

B BE (Hy) e #0 (WARHES Z HIFERRIEARRT ) -

e For N =10 and a 5% (two-tailed) significance level, the critical value of rs is 0.6364.
BN =10 M5% () BEE/KIE > rg IR (E/0.6364 ©

Since the calculated rs = 0.855 > 0.6364 (critical value), we reject the null hypothesis (Hy). This
confirms that training performance and sales performance for the 10 salesmen are statistically
significantly associated at the 5% level.

M E SRR HIr, = 0.855 > 0.6364 (ERFE) - WIEMAEEERER (H) - E8E T1E%
SEEOKIEN » 1E10 348 BRI RIS BRI MR AT B RIRIS -
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Example 8: Spearman's Rank Correlation (with Tied
Ranks)
BilRES : SRS B (& 3E4451K)

Calculate Spearman's coefficient of rank correlation between two assessments (Internal and
External) of workers’ performance (higher scores = higher rank, with rank 1 assigned to the
highest score):

PR T AKRBRIMIE L (WL ESNREIZ ) 2 FRISLE 2 FAOHE R & (o Bm
i HEAA1 S BCAA SR 0 B

Name of Workers A B C D E F G H 1

Internal Assessment (Int. Asmt.) 51 63 73 46 50 60 47 36 60
External Assessment (Ext. Asmt.) 49 72 74 44 58 66 50 30 35

Solution A%

First, assign ranks to each assessment (note: tied scores require average ranks). Ranks are as-
signed such that higher marks receive a lower numerical rank (rank 1 = highest score, consistent
for both series):

EOL o BEEIE SR (EF - MEADBFEZEFEHEE ) - pECEHRE - 8050 BUERE
NUBTFHEZ (HE21 = \E 0B WARTIREE—20

Name Int. Asmt. Ranks Ry Ext. Asmt. Ranks Ry Difference (d = Ry — R2) Squared Difference (d?)

A 51 5 49 6 5-6=-1 1.00
B 63 2 72 2 2-2=0 0.00
C 73 1 74 1 1-1=0 0.00
D 46 8 44 7 8—7=1 1.00
E 50 6 58 4 6—4=2 4.00
F 60 3.5 66 3 35-3=05 0.25
G 47 7 50 5 7-5=2 4.00
H 36 9 30 9 9-9=0 0.00
I 60 3.5 35 8 35-8=—-45 20.25
S d? =30.50

Tied Ranks Explanation (Internal Assessment):

A 31 2% R (AEREF% )

Workers F and I both scored 60 in the Internal Assessment. Without ties, their ranks would be
3 and 4 (since 60 is the 3rd/4th highest score). The average rank for tied scores is calculated
as:
TAF ML EAEFEAZHEARE T 60 7 o H L] » M FIBHEE I 53 T4 (FR60 £583/4 &
o) e W B PR E R ¢

3+4

Average Rank for F/I = —5 3.5

No ties exist in the External Assessment, so all Ry ranks are unique.

HNERETARZ ARG MG S B > RIMFT R Ry R ETRE—H o
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Apply Spearman’s Rank Correlation Formula (for Tied Ranks)
EHRREEFHMEAN (FIIHK)

Spearman’s rank correlation formula (adjustment for tied ranks is not required here, as ties are
only in one series and the basic formula is sufficient for this example):

SRR 2 FAR AR A3 (Ll s 2 O B — (&S EARKERH)

2
re=1-— 762(1
N(N2-1)
where:
o

- N =9 (number of workers),

N=9 (LAANZ) -

- > d? = 30.50 (sum of squared rank differences).
> d* =30.50 (FHFEFITH) o

Substitute values (full precision):

HABE (5EEEE)

6(30.50) 183 183
gm0 %0 220 1 0.2541667 = 0.7458333 & 0.746 ~ 0.75
" 9(92 — 1) 9(30) 720

Significance Test for r, FHMBREN BZE ke

For a two-tailed test at the 5% significance level with N = O:
BIAN =9 765% (#F) BEEKET :

e Null Hypothesis (Hy): rs = 0 (no linear correlation between Internal and External assessment
ranks).

R (Ho) :rs =0 (WEEHZHARS BRI e Z TR SR VEARRR ) -

o Alternative Hypothesis (Hy): rs # 0 (a linear correlation exists between the two sets of ranks).

BAEER (Hy) v #0 (WARARS Z RIFAESRIERRE) -

e Critical value of rs = 0.6833 (from Spearman’s rank correlation critical value tables).

re BIERFE20.6833 (B 5 7 2 S AHBIER FEZR) -

Since the calculated rs = 0.746 > 0.6833 (critical value), we reject the null hypothesis (Hp).
This confirms a statistically significant high positive correlation between Internal and External
assessment ranks for the 9 workers.

HRETHESEIEr, = 0.746 > 0.6833 (EFE) - HMTEAE K (Hy)) - EfFE TiEI S
T AR NER SRR HE 2 B MR HES 2 RISt BB RO & IR AR -

Example 9: Correcting a Rank Correlation Error
BilRE9 - 1515 RAH B &F R

The rank correlation coefficient between 10 students’ marks in Statistics and Accountancy was
initially calculated as 0.2. Later, it was discovered that the rank difference for one student was
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incorrectly recorded as 9 (instead of the correct value of 7). Calculate the corrected coefficient
of rank correlation.

10 2B A FERTRT S B i B AR S5 AR B R B/ R T 0.2 » IRZREEH > Hh— R 2R
FREPEESALE R (EHERRT) - fHREBERNFHRHEMARE -

Solution A%

We start with Spearman’s rank correlation formula to solve for the original sum of squared
rank differences (> d?):
HAFIAE s B T = 5 AR AR B A 2UBE TR - R R IRROF RS (50 d?)

2
SRR ST
N(N?2-1)
Given:
2%
- Initial r; = 0.2,
Wlgrs = 0.2
- N =10 (number of students).
N =10 (BEAE) -
Rearrange the formula to isolate > d*:
BT A LR a2
6> d?
2=1-—=——
0 10(10% — 1)
6> d?
=1-02=038
10(99)
6> d?
990
Zd2 — % — 132

Correct > d?
BIEREY &

The rank difference for one student was incorrectly recorded as 9 (squared difference = 92 = 81)
instead of 7 (correct squared difference = 72 = 49). Adjust >_ d* by subtracting the incorrect
squared difference and adding the correct one:

—HBEREREPEERL TR (FiE= 9% =81) - EMEERT (F7&E="7=49) -
EIEY" d B » IR EEARADF-J7 22300 b IERERYF- 75 2%

Corrected Zdz =132 -92 472 =132 — 81 +49 = 100

Compute the Correct 7,

At EIERERr,

Substitute the corrected > d? = 100 back into Spearman’s formula (full precision):
FHEIERRINY d = 100 REIE @2 AR (EBRE)

6(100) 600

=1—-—=1-0.6060606 = 0.3939394 ~ 0.394 ~ 0.39

=1~
s 10(102 — 1) 990
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The corrected rank correlation coefficient is 0.39 (or 0.394 when rounded to three decimal
places).

B IF 1% B S BARB AR EUA0.39 (PO A2 =/ NEUA0.394)  ©

Limitations of Spearman's Method of Correlation
S R R 5 AH B 77 v RO BR

Spearman's rank correlation () is a distribution-free (nonparametric) measure of monotonic
correlation. This means no strict assumptions are made about the underlying probability dis-
tribution of the population from which sample observations are drawn. However, this flexibility
comes with tradeoffs—rs; may be less statistically powerful than Pearson’s correlation (a para-
metric measure) when the data meet the assumptions of normality.

SRS ERAER (ry) 2 MEES MM (E2E) HEFMEETEE - %%&ﬁwaﬁ IR
ﬁ%ﬁﬁﬂﬁﬁﬁ%ﬂ’]“wﬁ“wi PR B R o SR » LEW{EP VH H P EEIBEN & IE
ﬁjkﬁﬁﬁ/ﬂﬁi va ' rg A4 mﬂ'IijﬁZ (statistical power) Tﬁﬁ@ﬂiﬁ?ﬁ*ﬁ%ﬁ%%ﬁ (— @%\%lg

=

E)"

Key limitations of Spearman's correlation include:

50T S R BE ) T EERR A AL A

1. While r; is simpler to compute than Pearson's r, it is not designed for grouped frequency
distributions (it requires individual rank data, not aggregated group data).
HESRrs FOETELLE LA ARAERr SR (BB MR R (FEMER A IRKER
MAFRARREAHERL) -

2. For large samples (N > 30)—where ranks are not pre-assigned and must be manually cal-
culated from raw data—the process becomes tedious and time-consuming. This is a major
practical limitation in applied research.

BIRRBEA (N >30) —HAUCRERAE - WARFRERFER AR - B
PSR HAR - EE AR TR — IEE?(E?%BE%J

Example 10: Find the Number of Observations
pilE10 : KBHHEEE

Given:

EYSi
S22 =90, 0y = 2.5, > 2y =60, r = 0.8
(where x,y are deviations from their respective means).

Hez,y il REH B RE) -

We use the formula for Pearson’s correlation coefficient (when deviations are used):

oA R B ARAH R R BN (R 2= )
2Ty

r=————
n-oy- oy

First, compute o, (standard deviation of x-series):
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B iR, (o BOIELEZ)
YOS [
n n

1: Substitute Values into the Formula fCAA R,

60
08 = ————
n'1/21—0-2.5

Simplify the denominator:

Lo £
n- ,/%-2.5:2.5-\/9071

2: Solve for n f&n

Rearrange the equation:

AT 60 60
08=——— = 25-V90n=—=75
2.5 -+/90n " 08
75
VI0n = — =30
2.5
Square both sides:
W ;
9 900
90n = 30° = 900 = n:W:IO

The number of observations is .
BEsE A 10]-

Example 11: Calculate Correlation Coefficient

Bl 11 : FHEAHBE IR

Given:

B0
n=12,3X =96, 3Y =120, 3(X —8)2 = 150, > (Y —10)? = 200, 3 (X —8)(Y —10) = 50.

1: Verify Arithmetic Means 5g#5 B iir 38

_ _ 1
g ZX_9%_ L ¥y
n 12 n 12

(

2.(

-3(Y —10)2 = Y y? = 200 (squared deviations of Y from Y),
(Y —10)2 =>y2 =200 (Y Y Bymz=FrHHM) »
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- > (X —8)(Y —10) = > zy = 50 (product of deviations).
(X —8)(Y —10) =Y xy =50 (fRZERFE)

2: Apply Pearson’s Correlation Formula & 5 # #xAHBE /A =

D OF.
Vo wt Yy
Substitute values:
RABUE :
50 50 50

~ 0.29

T = g =
V150 x 200 /30000 173.2

The correlation coefficient between X and Y is (weak positive correlation).

X 8y ¥ EEREB AR 0.29] (S5EMR) -

Example 12: Correcting the Correlation Coefficient

FilE12 © & IEAHBEIRE

A person calculated the correlation coefficient between X and Y and obtained:

ENFHET X BEY fMHBI AR - 152
n =30, X =120, > X2=1600, > Y =90, > Y? =250, > XY = 356.

Later, it was found that two pairs (8,10) and (12,7) were incorrectly entered (correct pairs:

(8,12) and (10, 8)). We need to adjust the sums and compute the correct correlation coefficient.

RAFEHA WA EUR(S,10) M(12,7) EAFERR (IERERCH B (8,12) 1(10,8)) - Ffi7H Z3H

BRI 53R ERERI A BE R EL -

1: Adjust the Sums FHELEH

To correct the sums, subtract the incorrect values and add the correct values:

BB IEAEAN » A hRAR (E 0N IERERY(E -

Corrected » X =120 — 8 — 12+ 8+ 10 = 118,

Corrected Z X2 =600 — 8% — 122 + 8% +10% = 600 — 64 — 144 + 64 + 100 = 556,

Corrected Y Y =90 — 10— 7+ 12+ 8 = 93,

Corrected Z Y2 =250 —10% — 7% 4+ 122 + 82 = 250 — 100 — 49 + 144 + 64 = 309,

Corrected » XY =356 — (8 x 10) — (12 x 7) + (8 x 12) + (10 x 8)
= 356 — 80 — 84 + 96 + 80 = 368.

2: Apply the Correlation Formula & #E/A =

The formula for Pearson’s correlation coefficient (using original values) is:

AR ARE AN (EHFEREIE) & -
S XY - 2X2Y

JEx B (-5
25

r =
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3: Compute the Numerator 51 &5+

11 10974
Numerator = 368 — % = 368 — % = 368 — 365.8 = 2.2

4: Compute the Denominator Terms & 7 8E%IH
First term (for X):
F—H (X)

X)2 1182 13924
ZX2—M :556—W :556—W = 556 — 464.13 = 91.87
n

Second term (for Y):
FIH (Y)

Y)?2 932 8649
ZYQ—(E):309—30 :309_W =309 — 288.3 = 20.7
n

5: Compute the Denominator 518 7 £F
Denominator = 1/91.87 x 20.7 = v/1901.709 ~ 43.61

6: Calculate the Correct r et B IFRERr

_22 o
"T 36l

The correct correlation coefficient is (very weak positive correlation).
IERERIREBAR B 0.05| (FEHSFAIEART) -

Example 13: Correlation Between Aptitude Score and
Productivity Index
BilRE 13 © BE 76 1] o Bi B A E O TR B AH R

Data for 6 workers (Aptitude Score X, Productivity Index Y'):
6 2% T ARV (BN M EX » EENFEHY)
Workers A B C D E F

Aptitude Score (X) 9 18 18 20 20 23
Productivity Index (Y) 23 23 33 42 29 32
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1: Compute Sums (Worksheet) 5HHEZH ( T/EFE)

Workers X Y X2 Y2 XY
A 9 23 92 =81 232 =529 9 x 23 = 207
B 18 23 182 = 324 232 = 529 18 x 23 = 414
C 18 33 182 = 324 332 =1089 18 x 33 =5%4
D 20 42 20% = 400 422 = 1764 20 x 42 = 840
E 20 29 202 = 400 292 = 841 20 x 29 = 580
F 23 32 232 = 529 322 =1024 23 x32="736

X =108 YV =182 Y X?=2058 > .Y?2=5776 > XY =3371

2: Apply the Correlation Formula &R #HE] A =

Using n = 6:
fFHn=6":
SXy - 2X2Y

Je =) o=

r =

3: Compute the Numerator 5145+

1 182 1
Numerator = 3371 — % = 3371 — ? = 3371 — 3276 = 95

4: Compute the Denominator Terms # & 7 8E% 15

First term (for X):
F—IH (X)

X)2 1082 11664
Y x?- X _ onss — = 2058 — — - = 2058 — 1044 = 114
n

Second term (for Y):
B (V)

Y)?2 1822 33124
ZYQ Y 5776 — —~ = 5776 — == 5776 — 5520.67 = 255.33
n

5: Compute the Denominator &% 4£F

Denominator = v/114 x 255.33 = v/29107.62 ~ 170.61

6: Calculate r 58
95

"= Tro.61 = 000

The correlation coefficient between Aptitude Score and Productivity Index is (moderate

positive correlation).

B R 1] 4 BB A o ) PR IR AR (R BUR[0.56 | (TR IEARE) -
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Example 14
g 14

The following are the monthly figures on advertising expenditure and sales of a firm. It is
generally found that advertising expenditure has an impact on sales after two months. Allowing
for this time lag, calculate the coefficient of correlation between expenditure on advertisement

and sales.

PUN fe— 2 A Rl A B S BB B R EOR » — IS BUR 0 SO FE M A 1R S B R R

H o BREULREIR - SRR S S S B MIRAHR (R E -

Month Ad. Expenditure (000 ) HKD Sales (000 HKD)
January 50 1200
February 60 1500
March 70 1600
April 90 2000
May 120 2200
June 150 2500
July 140 2400
August 160 2600
September 170 2800
October 190 2900
November 200 3100
December 250 3900

Solution f#%

Since advertising expenditure impacts sales after 2 months, we align sales data with advertising

expenditure from 2 months prior:

PR B o5 S AR P IR A (R R BB - TP o B s B v {8 BT o S R

- January—October advertising expenditure is paired with March-December sales (10 pairs to-

tal).

—HAETANESCHE=HAE+ " AR EHRS (310 #)

To simplify calculations:

BELETH

- Divide each ad expenditure value by 10 (denoted z).

A BB i s AR L0 (R Ave)

o

- Divide each sales value by 100 (denoted y).

i EH & A ERR L100 (Fky) o

28
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Table 8: Worksheet for Correlation Calculation AHBHETE T/EFR

Month Ad Exp. (z) de =z — T dz? Sales (y) dy=y—79g dy2 dzdy
January 5 5-12=—7 49 16 16 — 26 = —10 100 (=7)(—10) = 70
February 6 6—12=—6 36 20 20 — 26 = —6 36 (—6)(—6) = 36
March 7 7-12=-5 25 22 22 — 26 = —4 16 (=5)(—4) = 20
April 9 9-12= -3 9 25 25— 26 = —1 1 (=3)(=1) =3
May 12 12-12=0 0 24 24 — 26 = —2 4 (0)(=2)=0
June 15 15—-12=3 9 26 26 — 26 = 0 0 (3)(0) =0
July 14 14—-12=2 4 28 28 — 26 = 2 4 (2)(2) = 4
August 16 16—12=14 16 29 290 — 26 =3 9 (4)(3) = 12
September 17 17-12=5 25 31 31-26=5 25 (5)(5) = 25
October 19 19-12=7 49 39 39 — 26 = 13 169 (7)(13) = 91
Total S o =120 Sda? =222 Yy =260 3 dy? = 364 3 dady = 261

First, calculate the means:

G AT

>z 120 _
i) » Y=g T2

The Pearson correlation coefficient is:

B ARAHRBR R B
> dxdy

V2o da? x Y dy?

Substitute values:

RAEE :
261 261 261

" T /222 x 364 /R0%08  284.27

0.92

Example 15
il 15

The director of a management training programme wants to know whether there
association between a trainee’s pre-programme score and their post-programme
scores of 10 trainees are:

is a positive
score. The

FE R BRI A B AR E £ BE SR AT 1Y 0 BUEERIE R ) 0 Bl 2 B 72 IEAERE © 10 44

B a8 T
Trainee 1 2 3 4 5 6 7 8 9 10
Rank Scorel 1 4 10 &8 5 7 3 2 6 9
Rank Score2 2 3 9 10 5 6 1 4 7 8

Determine the degree of association between pre-training and post-training scores.

Tl RE 85 A i BRI IR 0 B IR BRI AR L
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Solution fFZF

We use Spearman’s Rank Correlation Coefficient (since data are ranks). The formula is:

HAFIGEF S 5 B FARHR ARl (RRBURESES) - AR -

6> d?

—1—
" n(n? —1)

where d = Rank difference = X — Y, and n = 10.
Hfd=%FE=X-Y > n=10°

Table 9: Worksheet for Rank Differences 4 =it H 3£

Trainee No. Score 1 (X) Score 2 (Y) Rankdiff. d=X-Y d?=(X-Y)>?

1 1 2 1-2=-1 1
2 3 4-3=1 1
3 10 9 10-9=1 1
4 8 10 8 —10=—2 4
5 5 5 5—5=0 0
6 7 6 7T-6=1 1
7 3 1 3—-1=2 4
8 2 4 2—4=-2 4
9 6 7 6—7=-1 1
10 9 8 9-8=1 1
Total >d=0 Y d? =18

Substitute into the Spearman formula:

(VA4 L=F/A:

1 1 1
6(18) =1 08 zl—ﬁ:1—0.11:0.89

=1
" 10(10% — 1) 10(99) 990

Significance Test BHZE M E

To test if r, is statistically significant:
Wabar, ZoAtEt FREE

e Null Hypothesis: Hp : ps = 0 (no association)
HEBEARE © Ho @ ps = 0 (HERAH)

e Alternative Hypothesis: Hj : ps > 0 (positive association)
HREL T Hy:ps >0 (IEAHER)

For n = 10 and 5% significance (one-tailed), the critical value of 7, is 0.6364.

Hivn = 10 Fls% FHE/KE (HE) » r, BIERFE£0.6364 ©

Since the calculated rs = 0.89 > 0.6364, we reject Hyg. The association between pre-training
and post-training scores is statistically significant.

R AR S o, — 0.8 > 0.6364 + BPHELH, - BRI SR 5 50 RERO B 7E Skt b2
SR
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Problem 16: Spearman's Rank Correlation for TV
Programme Ratings

[l 16 « BRARET H FFR A 5 B i 2 S5 sk B

Two individuals were asked to watch ten specified TV programmes and evaluate them by
assigning a rank from 1 (lowest) to 10 (highest). Their rankings are provided in the table
below. Calculate Spearman’s coefficient of correlation for the two sets of ratings.

M4 N EHENREE AR EREREH - W (&%) £10 (&&) DRESGETIHE -
i FIRIHEZ AN N R F7R B IE M AHRTARAY 5 B = AHRBE R EL -

Table 10: Rankings of TV Programmes by Two Individuals W44 A\ =¥ &7 B IHER

TV Programme Ranks by X Ranks by Y

A 4 2
B 6 3
C 3 4
D 9 9
B 1 )
F 5 7
G 2 7
H 7 1
I 10 8
J 8 6

1: Recall Spearman’s Rank Correlation Formula [B]E 5 K # S %5 HKAHE A =

Spearman’s rank correlation coefficient (r5) measures the strength of association between two
ranked variables. The formula for untied ranks is:

SRR 2 F AR RRL (ry) BRI EF BB IR BIBRE - B8 2 R A 3Ry

6> d?
= 1 _—_—
" n(n? —1)
Where:
e

- d= X —Y (difference between ranks for the same programme),

d=X-Y (FA—HHNEHRE) -

- Y d? = sum of squared rank differences,

S d? = ST

- n = number of paired observations (here, n = 10).

n = ECHEHIERE (WEn =10) -
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2: Calculate Rank Differences (d) and Squared Differences (d?)
ATRERE (d) BFHE (@)

First, create a worksheet to compute d and d? for each programme:

Bt o B TR R B AYd M2

Table 11: Worksheet for Rank Difference Calculation &4 Z=stHE 3

TV Programme X (Rank) Y (Rank) d=X-Y d*=(X-Y)?

A 4 2 4—-2=2 22 =4
B 6 3 6-3=3 32=09
C 3 4 3-4=-1 (-12=
D 9 9 9-9=0 0% =

E 1 5 1—5=—4 (—4)2=16
F 5 7 5-7T=-2 (-2)?=4
G 2 7 2—7=-5 (—5)* =25
H 7 1 7T—1=6 62 = 36
I 10 8 10 -8=2 22 =4
J 8 6 8—6=2 22 =4
Total - - Sd=1 S d? =103

Key Notes on Calculations:

ATRERS

- For Programme A: d =4 —2 =2, so0 d? = 4.
fiHA:d=2>d>=4-

- For Programme G: d =2 — 7= —5, so d? = 25.
HiHG:d=-57d*=25"°

-Sum of d?: 4+9+1+0+16+4+ 25+ 36 +4 + 4 = 103.
d? HEFIR 144+ 94+14+0+16+4+25+36+4+4=103°
3: Compute Spearman’s Rank Correlation (r,) 518 LK #H S FHAHE (r,)

Substitute Y~ d? = 103 and n = 10 into the formula:
RS d? =103 Filn = 10 A :

1 6 x 103
ST 10x (102 1)
Step-by-Step Arithmetic:
BAFTE
1. Calculate denominator inside the fraction:
AW

n(n? —1) =10 x (100 — 1) = 10 x 99 = 990
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2. Calculate numerator inside the fraction:
AFESEAN ST
6 x 103 =618

3. Compute the fraction:
At E S EE -

% = 0.6242 (rounded to 4 decimal places)

4. Final rg:
&g .
re =1 —0.6242 = 0.3758

4: Adjustment for Tied Ranks (Critical Fix) M54 K% (BIEEIE)

The original data has tied ranks (Y gives rank 7 to both F and G). For accuracy, we adjust the
formula to account for ties (the standard formula assumes no ties):

IR AN AR (Y BF MG &G T EHRT) - REHEER - ML LIE R
FlaR (R AR LS

Tied Rank Adjustment Formula:

S5 AR 7, |
ng _ 5 —tx B 3 —ty
r.o— 12 12
s n(n2—1) 3 —tx 3, —ty
6 T T 12 T T 12
Where:
Hep

- tx = number of tied ranks in X (here, tx = 0—no ties in X),

tx = X FIFIARNEER (HEix =00 X FHEIF]) -

- ty = number of tied ranks in Y (here, ty = 2—two programmes with rank 7).

ty =Y FUHAROEE Lty =2 > MEHEEFHK?) -

Adjustment Calculation:

A

1. Tied rank correction for Y:

Y B IRIE

3, —t 3_ _
y—ly _ 2°-2 82_620'5

12 12 12— 12

2. Corrected numerator:

BIERMAT
=l 0.5 =90 0.5 =165 — 0.5 = 164.5

3. Corrected denominator (sum of squared differences with tie adjustment):
BIERA B (KEI5 BRI T 2= A1)
S d?—0.5 =103 — 0.5 = 102.5

4. Final adjusted rs:

A BRI,
rs=1-— % =1-0.6231 = 0.3769 (rounded to 4 decimal places)
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5: Interpretation &R

- Unadjusted rs = 0.3758 (simplified, no tie correction),
RPERr, = 0.3758 (L » MEIEFILE) -

- Adjusted ry = 0.3769 (accurate, accounts for tied ranks).

FEIZIr, = 0.3769 (HEME » HEIAF|ZIK) -

Both values indicate a moderate positive correlation between the two individuals’ rankings
(values close to 0 indicate weak correlation; values close to 1 indicate strong positive correlation).

W TE A I Fom W 2 N L RIHES 2 A F AR B IE A B (B0 SR g tiRd - 3Ll RoR
SRIEAHREE ) o

Common Errors in Interpreting Correlation Analysis
fife S AH B o BT RF ) B B R

As mentioned earlier, correlation analysis is a statistical tool that should be used properly
to ensure valid results. Unfortunately, it is sometimes used indiscriminately by management,
leading to misleading conclusions. Below are some common errors made in the use of correlation
analysis:

ORI AT - ARRE AT —MEARET TR - IEIEREGE A DURERGE RA R - AERE » BEHEARE
AR HfE e EEEE AR o LUT AR G FAERE AT A — L EER

1. Mistaking Correlation for Causation 740 B3R 58 % B F
Example i+

Suppose we study the performance of students in their graduate examinations and their earnings
three years after graduation. We might find these two variables are highly and positively
correlated. However, we must not overlook that both variables might be influenced by other
factors, such as:

TR AR FAFT T 57 22 A 7 58 36 5 5l P A R 3R BT AP 42 3 = SE R BAMR - AT T RE & 35 3 5 i 1A
BB AR = B IEARRE o SR » AN BE 2 0S5 W (8 B BOr] e dl Z B A N R & » 1
n

e Quality of teachers,
HETHIRE »

e Economic and social status of parents,
ACBERD AR EL AL Er AL

e Effectiveness of the interview process for post-graduation employment,
RRBPUEEBER AR

e Other unmeasured contextual factors.

HREENHERER -

If data on these additional factors is available, it is advisable to use multiple correlation analysis
instead of simple bivariate correlation.

WRA B LSRR NA F VB - AT Z T AR oA T AR R ER A e A B AR
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2. Misinterpreting the Coefficient of Correlation and Coefficient
of Determination #RfF M BHR BB &R E

A frequent error is misinterpreting the correlation coefficient () and the coefficient of determi-
nation (72). While this concept was explained earlier, it bears repetition:

— I LR sE R SR A B R R () BERERE (r?) HIEE - MRS Jorl S
i (BB EAS AR -

Example of Misinterpretation 52 i+

Suppose a correlation coefficient of r = 0.7 is calculated. A common mistake is to claim that this
correlation “explains 70% of the total variation in Y.” This error becomes clear when calculating
the coefficient of determination:

BT HAE OAEBRE Ar = 0.7 —HF RS EBMIULHRE MMBERETY #H8EE
HI70%] © EETHEIREIREES - BEFRMEETS R ¢

r? = (0.7)% = 0.49

This means only 49% of the total variation in Y is explained by the variation in X—not 70%.
ERRNEF9% Y REEERLIRX B REE > TAET70% -

Broader Misinterpretation of r2 ¥fr? B3 BT iRf#

The coeflicient of determination is also misused to imply a causal relationship: it is incorrectly
interpreted as “the percentage of change in one variable that is due to change in another
variable.” This is not valid, as 72 only measures explained variation—not causal impact

TRE R BUS H PR AR R ERBAR - ERGEStE S T A8 B a2 0 E R
M5 — RSB BT o BRI R - FAr? EEFENERE ﬁﬁilﬁl%%
% o

3. Concluding a Relationship Where None Exists 7£ &R R EF T
A third common error is concluding a positive or negative relationship between two variables
even when they are actually unrelated.

5B (HH ARISE AR - R EE BEEE EZEEBRIEDILT - (3RS E M AR EAAR
BAHBARIAS 3 o

Example ]+

The age of students and their examination scores may show similar patterns of movement (e.g.,
both increase slightly over time) but have no true underlying relationship. Their apparent
correlation is coincidental, with no common link driving both variables.

B2 AR B SR B 1 Y 5 AR AT R 2B DL RO B (LS (flan - 7 & #RRE & I RIS fsoin ) -
(HEPR B R IE AR (R - ERRREARBET AR - 188k E AR BR i w2 2 -

Summary 2845

In summary, interpreting the correlation coefficient requires extreme caution. Before conclud-
ing a causal relationship, one must consider other relevant factors that might influence the
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dependent variable (or both variables). This approach avoids the pitfalls of misinterpreting
correlation results. As such, the correlation coefficient is rightly regarded as one of the most
widely used—yet also one of the most widely abused—statistical measures.

AAET S - PR (R BN L A SNEAE © 7215 R RBA R A s 2 B > W07E % B H At AT RERZ &8
MR (BUIFIRF 22 (E B ) AOREBRIRIR o B0 FT ke S AR AH BR 26 SR AR © (It - AHEE
REU A A B2 A ~ (B FIRF R A B T HR R L —
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