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THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
Exercises on Polynomial Regression

Learning Outcomes 2% H &

e To understand the concepts of underfitting and overfitting problems.
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e To choose the right polynomial of degree k for fitting the sample points.
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e To split the sample points into training and test datasets for examining the
mathematical model in terms of linear and nonlinear regressions.
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e To validate the mathematical model by examining different metrics, e.g.,
Root Mean Square Error, Normalized Mean Square Error, Mean Absolute
Error, and Average Relative Error.
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Objectives H1Z

Our aim is to use the training datasets to obtain the coefficients of a polynomial

of degree k, and then predict the trend of the pattern based on the test datasets.

We split the entire sample into training and test datasets and labeled them for

Fold 1 (Columns 4 - 5), Fold 2 (Columns 6 - 7), and Fold 3 (Columns 8 - 9).
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Problem Description [ i

Let us create 21 points following the equation:
Y =-X°

with —1 < X <1 with the space 0.1 by adding the noises drawn from a normally
distributed error with a mean of 0 and a standard deviation of 0.05, as shown in
the following table:
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Y X Y X Y X Y X
1 -0.9369 -1.0000 —0.9369 —1.0000 —0.9369 —1.0000 —0.9369 —1.0000
2 —0.8263 —0.9000 —-0.8263 —0.9000 —0.8263 —0.9000 —0.8263 —0.9000
3 —0.5735 —-0.8000 -0.5735 —0.8000 —0.5735 —0.8000 —0.5735 —0.8000
4 —-0.4264 -0.7000 —-0.4264 -0.7000 —0.4264 —0.7000 —0.4264 —0.7000
5 —0.3393 —-0.6000 -0.3393 —0.6000 —0.3393 —0.6000 —0.3393 —0.6000
6 —0.3270 —-0.5000 -0.3270 —0.5000 —-0.3270 —-0.5000 —0.3270 —0.5000
7 —0.2064 -0.4000 —-0.2064 —0.4000 —-0.2064 —0.4000 —0.2064 —0.4000
8 —0.1047 —-0.3000 —0.1047 -0.3000 —0.1047 —-0.3000 —0.1047 —0.3000
9 -0.0403 -0.2000 -0.0403 —0.2000 —-0.0403 —0.2000 —0.0403 —0.2000
10 0.1102 -0.1000 0.1102 —0.1000 0.1102 —0.1000 0.1102 —0.1000
11 0.0382 0 0.0382 0 0.0382 0 0.0382 0
12 —-0.0500 0.1000 —0.0500 0.1000 —0.0500 0.1000 —0.0500 0.1000
13 —-0.0974 0.2000 —0.0974 0.2000 —0.0974 0.2000 —0.0974 0.2000
14 —-0.1045 0.3000 —0.1045 0.3000 —0.1045 0.3000 —0.1045 0.3000
15 —-0.1750 0.4000 —0.1750 0.4000 —0.1750 0.4000 —0.1750 0.4000

16 —0.2706 0.5000 —0.2706 0.5000 —0.2706 0.5000 —0.2706 0.5000
17 —0.3474 0.6000 —0.3474 0.6000 —0.3474 0.6000 —0.3474 0.6000
18 —0.5346 0.7000 —0.5346 0.7000 —0.5346 0.7000 —0.5346 0.7000
19 -0.6182 0.8000 —0.6182 0.8000 —0.6182 0.8000 —0.6182 0.8000
20 -0.8719 0.9000 —0.8719 0.9000 —0.8719 0.9000 —0.8719  0.9000
21 -1.0112 1.0000 —1.0112 1.0000 —1.0112 1.0000 —1.0112 1.0000

Questions [l

Your tasks are:
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1. Enter the Y values in the second column and the X values in the third col-
umn in the Linear Regression RShiny Tool app to examine different regression
models. Describe the trends of the linear and nonlinear regression lines and
curves. Does a high-degree polynomial show a better predicted curve?

fELinear Regression RShiny Tool JEHEZH » #4258 — 500y {EFIEE =FRX
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2. Do four different error metrics yield the same findings in determining the

optimal polynomial when three folds are used? & ¥ H =438 X Egagiy » 1Y
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What have I learned? 22| 7T {1 ?

Repeat the above procedures for analyzing the following case:
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1. Create 100 points following the equation:
Y =-X°

with —1 < X < 1 with the space 0.05 by adding the noises drawn from a
normally distributed error with a mean of 0 and a standard deviation of 0.05.
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2. Split the sample points into five folds:
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Training Data | Test Data
1:20 21:100

Test Data | Training Data | Test Data
1:20 21 :40 41 : 100

Test Data | Training Data | Test Data
1:40 41 : 60 61 : 100

Test Data | Training Data | Test Data
1:60 61 : 80 81 : 100

Test Data | Training Data
1:80 81 :100

3. Find the optimal polynomial of degree k using any error metric.
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4. Interpret your observations.
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How can I practice? A&k ?

Consider a real-life example of polynomial regression in finance. You're analyzing
the relationship between an employee’s years of experience and their salary. You
suspect the relationship isn’t linear and that a higher-degree polynomial might
better capture the salary progression over time.
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Years of Experience Salary (in dollars)
1 50000
55000
65000
80000
110000
150000
200000
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Answer the following questions:
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1. Let X = Years of Experience be the independent variable and Y = Salary be
the dependent variable. Use a quadratic polynomial (degree 2) to model the
relationship between years of experience and salary. In other words, write
down the quadratic polynomial regression equation using Sy, 51, and (o as
coefficients of the polynomial.
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2. Find the coefficients that minimize the difference between the predicted
salaries and the actual salaries in the dataset using the method of least
squares.
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3. Discuss whether a higher-degree polynomial would provide any benefit for
predicting the salary for 10 years of experience.
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